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Abstract 

In this paper, we introduce the notion of parabohc log convergent isocrys- 
tals on smooth varieties endowed with a simple normal crossing divisor, which 
is a kind of p-adic analogue of the notion of parabolic bundles on smooth va- 
rieties defined by Seshadri, Maruyama-Yokogawa, Iyer-Simpson, Borne. We 
prove that the equivalence between the category of p-adic representations of 
the fundamental group and the category of unit-root convergent F-isocrystals 
(proven by Crew) induces the equivalence between the category of p-adic 
representations of the tame fundamental group and the category of semisim- 
ply adjusted parabolic unit-root log convergent F-isocrystals. We also prove 
equivalences which relate categories of log convergent isocrystals on certain 
fine log algebraic stacks with some conditions and categories of adjusted 
parabolic log convergent isocrystals with some conditions. We also give an 
interpretation of unit-rootness in terms of the generic semistability with slope 
0. Our result can be regarded as a p-adic analogue of some results of Seshadri, 
Mehta-Seshadri, Iyer-Simpson and Borne. 
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Introduction 

For a proper smooth curve X over C of genus > 2, Narasimhan-Seshadri [32] proved 
the equivalence 



(0.1) 



(irreducible unitary \ = f vector bundle on X 

representation of 7ri(X™) / I stable of degree 



(Here, for a scheme S of finite type over C, 5"^"^ denotes the analytic space associated 
to 5".) In the case where a given smooth curve X over C is open with compactification 
X, there are two approaches to prove an analogue of the above result: In [37] . 
Seshadri took a 'stacky' approach and proved the equivalence 

/ irreducible unitary \ = / vector bundle on [y/Gy] 

(0.2) — > lim 

\ representation of 7ri(X™) / yj^^^^ \ stable of degree 

where Qx denotes the category of finite etale Galois covering of X, Y denotes the 
smooth compactification of Y, Gy '■= Aut{Y/X) and [F/Gy] denotes the quotient 
stack. (Note that a vector bundle on [F/Gy] is nothing but a Gy-equivariant vec- 
tor bundle on Y.) On the other hand, in [^, Mehta-Seshadri took a 'parabolic' 
approach: They defined the notion of parabolic vector bundles on [X, Z) (where 
Z := X \ X) and proved the following equivalence: 



(0.3) 



(irreducible unitary 
representation of Tri{X^ 



/ parabolic vector \ 
bundle on (X, Z) 
parabolic stable 

\of parabolic degree 0/ 



Note that the notion of parabolic vector bundles and the moduli of them are studied 
also by Maruyama-Yokogawa [25], including the higher-dimensional case. 

Let us recall that there exists another 'stacky' interpretation: For an open im- 
mersion X X of smooth varieties over C such that Z := X\X is a simple normal 
crossing divisor, Iyer-Simpson [H] and Borne [3] [1] introduced the notion of 'stack 
of roots' (X, Zy^"- [n E N) and established the equivalence 

(parabolic vector \ ^ / vector bundleX 
bundle on (X, Z)) ^ l^on (X, Z)^/" ) 
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such that the parabohc degree on the left hand side coincides with the degree on 
the right hand side. (There is also a related work by Biswas [2].) So, when X is a 
curve, the equivalences (IU.3p and (10.41) imply the equivalence 

/ irreducible unitary \ = / vector bundle on (X,Z)^/" 

(0.5) — > hm 

\ representation of tti [X^^) I ^ \ stable of degree 

A generalization of (10. ip to higher- dimensional case and non-unitary case (where 
Higgs bundle appears) is established by many people including Donaldson [TT] , 
Mehta-Ramanathan [26], Uhlenbeck-Yau [50], Corlette [7] and Simpson [39]. As for 
open case, a generalization of (10. 3p to higher-dimensional non-unitary case (where 
parabolic Higgs bundle appears) is given also by many people including Simpson 
[ID], Jost-Zuo [ig and Mochizuki [25] [2S] [SO]. 

Now let us turn to the p-adic situation. Let p be a prime, let g be a fixed power 
of p and let K he a complete discrete valuation field of characteristic zero with ring 
of integers Ok and perfect residue field k of characteristic p > containing Fg. 
Assume moreover that we have an endomorphism a : K — > K which respects Ok 
and which lifts the g-th power map on k. Let K'' be the fixed field of a. Then, 
for a connected smooth fc- variety X (not necessarily proper). Crew [9J proved the 
equivalence 

(0.6) G ■ Rep^.(7ri(X)) F-Isoc(X)° 

between the category Rep^CT(7ri(X)) of finite dimensional continuous representation 
of the algebraic fundamental group 7ri(X) of X over K'^ and the category F-Isoc(X)° 
of unit-root convergent F-isocrystals on X over K. When X is proper smooth, we 
regard (10. 6p as an analogue of (10. ip . (When X is not proper, the categories in (10. 6p 
are considered to be too big.) 

Now let X X be an open immersion of smooth /c- varieties such that Z := 
X \ X is a simple normal crossing divisor. Weng [51j raised a question on the 
construction of the p-adic analogues of (10. 2p and (10.30 for (X, X) (at least for curves), 
starting from the equivalence (10.60 . In this paper, we will prove several equivalences 
which can be regarded as p-adic analogues of (10. 2p . (10.30 and (10. 5 p (so we think it 
answers the question of Weng in some sense). 

Let us explain our main results more precisely. Let X, X be as above and let 
X \ X =: Z = [Jl^i Zi be the decomposition of Z into irreducible components. For 
1 < z < r, let Vi be the discrete valuation of k{X) corresponding to the generic point 
of Zi, let k{X)j;. be the completion of k{X) with respect to Vi and let I^- be the 
inertia group of k{X)y.. (Then we have homomorphisms 1^- — > ^i(-^) which are 
well-defined up to conjugate.) Let us define Rep^CT(7ri(X)) by 

Rep^<T(7ri(X)) := {p G Repj^<T(vri(X)) p\j^_ has finite image}. 

Then first we prove the equivalence 

(0.7) Rep|'.(7ri(X)) ^ Ih^ F-Isoc([F"/Gy])°, 

Y^XeGx 
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where Qx is the category of finite etale Galois covering of X, Y is the normahzation 
of X in k{Y), T"^ is the smooth locus of F, Gy := Aut(y/X), [T'^/Gy] is the 
quotient stack and the right hand side is the limit of the category of unit-root 
convergent F-isocrystals on stacks [Y /Gy] (which we will define in Section 2). 
This is a p-adic analogue of (10. 2 p . The above equivalence induces the equivalence 

(0.8) Rep^.(7r*(X)) ^ lii^ F-Isoc([F'"/Gy])°, 

where tt\{X) is the tame fundamental group of X (tamely ramified at the valuations 
Viil < i < r)), Qj^ is the category of finite etale Galois covering of X tamely ramified 
at f j (1 < z < r) and the other notations are the same as before. Next, we prove the 
equivalence 

(0.9) Rep^.(7r*(X)) ^ lii^ F-Isoc((X, Z)^/")°, 

(n,p)=l 

where the right hand side is the limit of the category of unit-root convergent F- 
isocrystals on stacks of roots (X, Z)^/". This is a p-adic analogue of (10.51) . Also, 
we introduce the category Par-F-Isoc^°^(X, Z)Q_gg of semisimply adjusted parabolic 
unit-root log convergent F-isocrystals on (X, Z) and prove the equivalence 

(0.10) Rep^.(7rJ(X)) ^ Par-F-Isoc'°s(X, Z)°_,„ 

which is a p-adic analogue of (10. 3p . The key ingredients of the proof are results 
of Tsuzuki in [19] and results of the author in [U] and ^7]. We also discuss the 
relations among the variants (without Frobenius structure, with log structure and 
with exponent condition) of the categories on the right hand side of (10. 8p . (10. 9 p and 
flOTOD . _ 

1 1 the case where X is liftable to a smooth formal scheme Xo over Spf W{k) 
together with a suitable lift of Frobenius endomorphism Fo : Xo — > Xo, the equiv- 
alence (10. 6p of Crew factors through an equivalence of Katz ( [17] , see also [9] ) 

G : Repo^(7ri(X)) ^ F-Latt(xy 

between the category Rep^a (7ri(X)) of continuous representations of vri(X) to free 
0^-modules of finite rank (here := i^"" fl Ok) and the category F-Latt(A:')° 
of unit-root F-lattices on X := X^ ^w(k) Ok- We also prove in the paper that, 
when (X, Z) lifts to a smooth formal scheme {Xo, over Spf Wik) endowed with 
a relative simple normal crossing divisor together with a lift of Frobenius endomor- 
phism Fo : (A'o, ^o) — ^ {^Xo^Z^ (endomorphism as log formal schemes), there exist 
equivalences of the form 

(0.11) Repoj,(7rJ(X)) ^ lii^ F-Latt([3^'"/Gy])°, 
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(0.12) Repo. (7rJ(X)) ^ lii^ F-Latt((A', Z)^/")° 

{n,p)=l 



(where {X, Z) := {Xo, Z^) ®vK(fc) Ok-, is a certain lift of the smooth locus T^™ of 
the normalization F of X in fc(y), the left hand sides are the category of continuous 
representations of vr*(X) to free 0^-modules of finite rank and the right hand sides 
are the limits of the categories of unit-root F-lattices on the ind-stacks [3^ IGy\ 
(A*, 2)^/", respectively) which can be proven in the same way as (10. 8p and (10.91) . 
Moreover, we will introduce the category Par-F-Latt(A', .2)° of of locally abelian 
parabolic unit-root F-lattices on (A", Z) and prove the equivalence 

(0.13) Repo^(vr*(X)) ^ Par-F-Latt(:Y, Z)°. 

Note that, in the p-adic equivalences we have explained above, the notion of 'the 
stability of degree 0' does not appear, which appears in (10. 2p . (10. 3p . (10. 5p . To see 
the p-adic analogue of this notion more clearly, we introduce the notion of generic 
semistability (gss) and the invariant /i for objects in the category F-Isoc([y /Cy]) 
(resp. F-Isoc((X, Z)i/"), Par-F-IsocJ^(X, Z)o) of convergent F-isocrystals on [F'^'/Gy] 
(resp. convergent F-isocrystals on (X, Z)^/", adjusted parabolic log convergent F- 
isocrystals on (X,Z)) (where the notations are as in (10. 7p . (10.90 and (10.101) ) and 
rewrite the equivalences dUZD, dES]), (ES]) and dlTTU]) as 

(0.14) Rep|^(7ri(X)) ^ Im^ F-Isoc([F"/Gy])s^^'^=°, 

Y^xagx 

(0.15) Rep^.(7r*(X)) ^ lii^ F-Isoc([F"/Gy])s^^''^=°, 

(0.16) Rep;^.(7r*(X)) ^ Ih^ F-Isoc((X,Z)i/")s^^''^=°, 

(n,p)=l 

(0.17) Rep^.(7r*(X)) ^ Par-F-Isoci°^(X, Zft^=\ 

where sss.m=o ^gans the subcategory consisting of generically semistable objects with 
/i = 0. The proof is an easy application of some results of Katz [TB] and Crew [8], |H]. 
Also, we introduce the notion of generic semistability (gss) and the invariant /i for ob- 
jects in the Q-linearization F-Latt([3^'"'/Gy])Q (resp. F-Latt((^, ^)^/")q, Par-F-Latt(^, Z)) 
of the category of F-lattices on \y /Gy] (resp. F-lattices on (A',Z)^/", locally 
abelian parabolic F-lattices on (A", Zy) (where the notations are as in (10. lip . (I0.12p 
and (lO.lSp ) and rewrite the Q-linearization of the equivalences (10. lip . (I0.12p and 
(10J[3|) as 

(0.18) Rep;,.(7rJ(X)) ^ lim F-Latt([3^^'"/Gy])^^^''^=°, 

(0.19) Rep^.(7rJ(X)) ^ lim F-L&\X{iX ,Z)^l'^f^^^=\ 

(n,p)=l 

(0.20) Rep;^.(7r*(X)) ^ Par-F-Latt(:^, Zf^^'^=^ . 
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The equivalences fl0.14l) - fl0.20p might be better p-adic analogues of fl0.2p . (10. 3p . 
(10. 5p . but they are not good in the following point: In the equivalences (I0.14p . 
(lO.lSp . (I0.16P and (I0.17p . an object in the category on the right hand side contains an 
isocrystal structure (= p-adic version of connection structure) unlike the equivalences 
(D, (D, dnSD- In the equivalences flaTS]) . (1019|) and ([020]), an object in the 
category on the right hand side contains a lattice structure (= p-adic version of 
metric) unlike the equivalences (10. 2p . (10. 3p . (10. 5p . To overcome this, we introduce 
the category F-Vect([y'°'/Gy]^) (resp. F-Vect{(X, Z)](''), F ai- F -Vect {(X, Z)k)) 
of 'F- vector bundles on rigid analytic stack [3^ /Gy]k^) (resp. 'F- vector bundles 
on rigid analytic stack {X,Z)]l-"'\ 'locally abelian parabolic F-vector bundles on 
log rigid analytic space {X, Z)k ) and the notion of generic semistablity and the 
invariant /i for objects in it. (Attention: We do not develop the general theory of 
rigid analytic stacks nor log rigid spaces. We only define the above categories.) An 
object in these categories does not contain an information on isocrystals nor lattices. 
Then, in the case of curves, we can rewrite the equivalences (lO.lSp . (I0.19P and (I0.20p 
further to obtain the equivalences 

(0.21) Rep;^.(7rJ(X)) ^ lim F-Yeci{^ /Gy]kT''^='' , 

(0.22) Rep^.(7rJ(X)) ^ F-Veci{(X , Z)f'Y''^^'=\ 

(n,p)=l 

(0.23) Re^K.{Tr\{X)) ^ Par-F-Vect((:Y, Z)kT''^=^, 

which will be further better p-adic analogues of (10. 2p . (10. 3p . (10. 5p . These equivalences 
are essentially conjectured by Weng [51j as a micro reciprocity law in log rigid 
analytic geometry. 

In the case of p-torsion coefficient, Ogus-Vologodsky [36] and Gros-Le Stum- 
Quiros |12] prove the Simpson correspondence between the category of integrable 
connections and Higgs bundles, and the logarithmic version of it is proved by Schep- 
ler [SB]. Our results are different from theirs because we treat p-adic coefficient. On 
the other hand, we have to say that our results are not fully developed in the sense 
that the Higgs bundle does not appear in our equivalence. We expect that certain 
generalization of the results of Schepler (to the p-adic coefficient case) is related to 
certain generalization (to the Higgs case) of our result. 

The content of each section is as follows: In the first section, we review the 
definition and some results concerning certain properties on log-V-modules and 
isocrystals which we developed in |31]. Note that we also add some results which 
were not proved there but useful in this paper. In the second section, we give a 
definition of the category of (log) convergent isocrystals on (fine log) algebraic stacks 
and prove the equivalences (10. 7p . (10. 8p and (10. 9p . We also relate the variants of right 
hand sides of (10. 8p and (10.91) without Frobenius structures, with log strucutes and 
with exponent conditions in the case of curves. In the third section, we introduce 
the category of semisimply adjusted parabolic unit-root log convergent F-isocrystals 
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and prove the equivalence flO.lOp . In the course of the proof, we prove the equivalence 
of the variants of right hand sides of (IU.9I) and flO.lOl) without Frobenius structures, 
with log structures and with exponent conditions. In the fourth section, we work 
in the lifted situation and prove the equiavelences (10. lip . fl0.12p and (10.130 . We 
also prove a comparison result between the category of vector bundles on certain 
ind-stacks and the category of parabolic vector bundles on formal schemes which 
is a formal version of the results of Iyer-Simpson [14J and Borne [3] In the 
fifth section, we introduce the notion of generic semistablity and the invariant /i for 
objects in several categories and prove the equivalences (I0.15p - (l0.23p . using results 
of Katz [m and Crew [8], |9]. 

The author would like to thank to Professor Lin Weng for useful discussion and 
for sending the author the preprint version of the paper [51j, which made the author 
to consider the topics in this paper. The author is partly supported by Grant-in- 
Aid for Young Scientists (B) 21740003 (representative: Atsushi Shiho) from the 
Ministry of Education, Culture, Sports, Science and Technology, Japan and Grant- 
in-Aid for Scientific Research (B) 22340001 (representative: Nobuo Tsuzuki) from 
Japan Society for the Promotion of Science. 

Convention 

Throughout this paper, p is a fixed prime number and g is a fixed power of p. K 
is a complete discrete valuation field of caracteristic zero with ring of integers Ok 
and perfect residue field k containing Fg. The maximal ideal of Ok is denoted by 
xuk- We fix a valuation | ■ | : — y M>o induced by the discrete valuation on K 
and let us put P* := \/\K'^ \ U {0} C M>o. Assume moreover that there exists an 
endomorphism a : K — y K inducing the endomorphism Ok — > Ok (denoted also 
by cr) which lifts the g-th power map on k. Let K'^ be the fixed field of a and let 

01 ■.= K'^nOK. 

The category of schemes separated of finite type over k is denoted by Sch. Fol- 
lowing [21], a variety over k (or a fc- variety) means an object in Sch which is reduced. 
For X G Sch with X connected, let Rep^,T(vri(X)) be the category of finite dimen- 
sional continuous representations of the fundamental group vri(X) of X over K"^ 
and let Rep^cr (7ri(X)) be the category of continuous representations of the fun- 
damental group vri(X) of X to free 0^-modules of finite rank. For X G Sch, 
let Smi^<T(X) be the category of smooth i^'^-sheaves on Xet and let Smo^(X) be 
the category of smooth 0^-sheaves on Xet. We have the well-known equivalences 
Rep^.(7ri(X)) = Smi^.(X),Repo. (7ri(X)) = Smo- (X) for X G Sch with X con- 
nected. For a p-adic formal scheme X separated of finite type over Spf Ok, we define 
the categories Sm.K'^iX), Smog, (A") in the same way. 

For X G Sch, we denote the category of convergent isocrystals (resp. conver- 
gent F-isocrystals, unit-root convergent F-isocrystals) on X over K by Isoc(X) 
(resp. F-Isoc(X), F-Isoc(X)°). (For precise definition and basic properties, see 
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[35], d], 121] and [9]. For the definition of F-Isoc(X) and F-Isoc(X)°, w^fol- 
low tlie definition in [H], not that in [35].) For an open immersion X X in 
Sch, we denote the category of overconvergent isocrystals (resp. overconvergent F- 
isocrystals, unit-root overconvergent F-isocrystals) on (X, X) over Khy Isoc^(X,X) 
(resp. F-Isoc^(X, X), F-Isoc^(X, X)°). (For precise definition and basic properties, 
see [1], [21], [9] and [21].) Let LSch be the category of fine log schemes separated of 
finite type over k. For (X, Mx) G LSch, the category of locally free log convergent 
isocrystals on (X, Mx) over K (called locally free isocrystals on the log convergent 
site ((X,Mx)/Spf Oi^)conv in [11], [16]) by Isoc^°*^(X, M^). The category of locally 
free log convergent F-isocrystals on (X, Mx) over K (that is, the category of pairs 
{£, ^) consisting oi £ E Isoc^°^(X, Mx) and an isomorphism ^ : F*£ ^> £, where 
F is the cr-linear endofunctor on Isoc'°^(X, Mx) induced by g-th power map on 
{X,Mx) and a) by F-Isoc^°^(X, Mx). (For precise definition and basic properties, 
see [21], [16]. See also [H], [12].) 

For a functor $ : C — Sch, we define the category Smii-<T(<|)) of smooth K'^- 
sheaves on $ (resp. the category Smo^($) of smooth 0^-sheaves on $) as the 
category of pairs 

({^y}yGOb(C)> {f£}ip:Y-^Y'€Mor{C)), 

where G SmKa{Y) (resp. £y G Smo^(l^)) and (/^^ is an isomorphism $(</?) ^> 
£y in Sm.K'^iY) (resp. Smo^(l^)) satisfying the cocycle condition ip^ o ^({p)*ip'^ = 

[(f' o ip)g for Y Y' Y" in C. For a functor $ : C — )■ Sch, we define the 
category Isoc($) of convergent isocrystals on $ over K as the category of pairs 

({^^y}yGOb(C), {'^e}<f:Y^Y'&Aor{C))-, 

where £y G Isoc($(y)) and (ps is an isomorphism $((/?)*£^y/ ^> £y in Isoc($(y)) 

satisfying the cocycle condition ^pg o ^[ip)*Lp'^ = [ip' o if)^ for Y Y' Y" 
in C We can also define the category F-Isoc($) of convergent F-isocrystals on $ 
over K and the category F-Isoc($)° of unit-root convergent F-isocrystals on $ over 
K in the same way. Similarly, for a functor $ : C — )■ (open immersions in Sch), 
we can define the category Isoc^($) of overconvergent isocrystals on $ over the 
category F-Isoc^($) of overconvergent F- isocrystals on $ over K and the category 
F-Isoc^($)° of unit-root overconvergent F-isocrystals on $ over K. Also, for a 
functor $ : C — LSch, we can define the category Isoc^°^($) of locally free log 
convergent isocrystals on $ over K and the category F-Isoc^°^(<l') of locally free log 
convergent F-isocrystals on $ over K. 

Note that a diagram of schemes X, in Sch can be regarded as a functor C — > 
Sch as above. So we can define the categories Smi^<T(X,), Smoj^(X,), Isoc(X,), 
F-Isoc(X,), F-Isoc(X,)° in the above way. Also, for a diagram X, X, of 
open immersions in Sch, we can define the categories Isoc^(X,, X,), F-Isoc^(X,, X,), 
F-Isoc^(X,, X,)° and for a diagram (X,, Mx.) in LSch, we can define the categories 
Isoc'°s(X., Mx.), F-Isoci°^(X., Mx.). 
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For a p-adic formal scheme X separated of finite type over Spf Ok, we denote the 
associated rigid space over K by X^- For a fine log structure M on a (formal) scheme 
X, we put M := M/Ox- A morphism of log (formal) schemes / : {X,Mx) — > 
(y, My) is called strict when f*MY = Mx- When X is a smooth scheme over 
Ok I tn^ for some a or a p-adic formal scheme smooth over Spf Ok and Z is a relative 
simple normal crossing divisor on X, we denote by (X, Z) the fine log (formal) 
scheme with underlying (formal) scheme X whose log structure is associated to Z. 

For subsets S, E' of the form S = ni=i ^' — 111=1 ^^"^ n G N, a = 

{0'i)\<i<r G N*", we define S + S', nS, aS by 

r 

r r 

nE := | 6 ^ S^}, aS := ]^{ai^i | ii G Si}. 

2=1 i=\ 

Also, the set {0}'" in is denoted simply by 0. 

Finally, a discrete valuation always means a discrete valuation of rank one. 



1 Log- V- modules and isocrystals 

In this section, we review the definition and some results concerning certain proper- 
ties on log-V-modules and isocrystals which we developed in [44J (which generalizes 
some results in [2T]). We also add some more terminologies and results which were 
not treated there but useful in this paper. 

1.1 Log-V-modules 

Let L be a field containing K complete with respect to a multiplicative norm (also 
denoted by | • |) which extends the given absolute value on K. For a morphism 
/ : X — \ 2) of rigid spaces over L, a V-module of on X relative to 2) is defined to 
be a pair [E^ V) consisting of a coherent module on X endowed with an integrable 
/"^Cig-linear connection V : E — > E ^x/y '^^^^ ^ ~ SpmL, we omit 

the term 'relative to 2)'. We denote the category of V-modules on X by NM^. 

For a morphism / : X — > 2) of rigid spaces over L and elements 
r(X, Ox), a log- V-module on X with respect to xi, ...,Xr- relative to 2) is defined to 
be a pair {E, V) consisting of a locally free module of finite rank ii^ on X endowed 
with an integrable /"^Osg-linear log connection V : E — > E®Ox ^x/'ny (Here oj\m^ 
is defined by 

r 

(1.1) 4/2, := ®@Ox- dlogx,)/X, 

i=i 
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where is the sheaf locally generated by {dxi,0) — (0, XjdlogXj) (1 < i < r).) In 
the case 2) = SpmL, we omit the term 'relative to 2)'. We denote the category of 
log-V-modules on X with respect to Xi, ...,Xr by LNM^. 

Remark 1.1. When X is a p-adic formal scheme smooth separated of finite type 
over Spf Ok and Z = [jl^^ Zi is a relative simple normal crossing divisor on X (with 
each Zi irreducible), we have sections xi, G V{X, Ox) which cut out Z\, Z^ 
Zariski locally on X . So, locally on A", we can define the notion of log-V-modules 
on Xk with respect to xi, (relative to Spm/T). In this case, we see that this 
definition is independent of the choice of Xj's above, because i^^^^/spmii' defined in 
(II. ip is nothing but the coherent sheaf on Xk induced by the log differential module 
r2;^(log2) on the formal scheme X. So, in this case, we can define the notion of 
log-V-module on {Xk-, Zk) globally, by patching the above local definition of log-V- 
modules on X with respect to Xi, ...,Xr- We denote the category of log-V-modules 
on {^Xk^Zk) by LNM(;t'A-^2^) and also by LNM;t'if when there will be no confusion 
on Zk- 

Next, let X be a smooth rigid space over L endowed with sections Xi, ...,Xr G 
r(X, Ox) whose zero loci are affinoid, smooth and meet transversally. Let us put 
S)j := {xi = 0} and Mi := Im(i7|^^^©0^y. C^edlogXj — > u^)- Then the composite 
map 

E^E 4 ^ E {uj\/Mi) = ^Is.dlogx, ^ Els, 

naturally induces an element res, in Endo^,. (i?|j).), which we call the residue of 
[E^V) along Di- By |35l 1.24], we can take the minimal monic polynomial Pi{x) G 
K[x\ satisfying Pj(reSj) = 0. We call the roots of Pi{x) the exponents of (-E, V) 
along Di- For X, Xi, x^., 2}i, S)^ as above and S := 111=1 — '^^ denote 
the category of log-V-modules on X with respect to xi, x^. whose exponents along 
Di are contained in Sj (1 < i < r) by LNMx,i;. In the situation of Remark I l.H the 
category LNM(;t'^ is defined by patching this definition. 

We call an interval / in [0, oo) aligned if any endpoint of / at which it is closed is 
contained in T* . We call an interval / in [0, oo) quasi-open if it is open at non-zero 
endpoints. For an aligned interval /, we define the rigid space A^{I) by A^{I) : = 
{(ti,...,t„) G A2'"°|Vz,|ti| G/}. 

Following [2T| 3.2.4], we use the following convention: For a smooth affinoid 
rigid space X over L we put i^xxA"[oo] ® ®l=i ^xdlogtj, where dlogtj is the 

free generator 'corresponding to the i-th coordinate of 742[0,0]'. Using this, we can 
define the notion of a log-V-module {E, V) on X x A^[Q, 0] with respect to ti, t„ 
and the notion of the residue, the exponents of {E, V) along {tj = 0} in natural 
way: To give a log-V-module on X x A2[0, 0] with respect to ti, is equivalent to 

d 

give a V-module {E, V) on X and commuting endomorphisms di := ti—— of {E, V) 

oti 

{1 <i < n). Also, we can define the category LNM^exAjfo.o],!; for ^ = YYi=i ^ 
as above: A log-V-module on X x A2[0,0] with respect to regarded as 
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a V-module (-E, V) on X endowed with commuting endomorphisms di := 

(1 < z < n), is in the category LNMxxyi2[o,o],s if and only if all the eigenvalues of di 
are in Sj {1 < i < n). 

For an aligned interval / C [0, oo) and ^ := (^i, ...,^n) £ we define the log- 
V-module (M^, Vmj) on A^{I) with respect to ti, ...,tn (which are the coordinates) 
as the log- V-module (Cajc/), rf + ELi ^i^logti). Following [H 1.3] (cf. [HI 3.2.5]), 
we define the notion of S-constance and E-unipotence of log-V-modules as follows 
(we also introduce the notion of E-semisimplicity) : 

Definition 1.2. Let X be a smooth rigid space over L. Let J C [0, oo) he an aligned 
interval and fix := HiLi ^ ^p- 

(1) An object (-E, V) in LNMxxA2(7),s (^ x A1{L) is endowed with 

where t^ 's are the coordinates in A^{I)) is called T,-constant if {E, V) has the form 
hI{F,'Vf) ® 7r2(M^, Vmj) for some V-module (F, Vi?) on X and ^ G S, where 
TTi : X X A2(/) — > X, 7(2 '■ X X A1{L) — > A]^{L) denote the projections. An 
object in LNMxxA2(/),s is called J]-semisimple if it is a direct sum of H-constant 
ones. 

(2) An object (-E, V) in LNMxxyi2{7),s is called H-unipotent if (Ej'V) admits a 
filtration 

= EqC EiC-- - C E„, = E 

by sub log-V-modules whose successive quotients are J]- constant log-V-modules. 

We denote the category of H-semisimple {11-unipotent) log-V-modules on X x 
A^{I) with respect to by SLNMxxyi2(/),s (ULNMxxyi2(/),s)- Note that we 

have SLNM^xA2{/),s ^ ULNMxxA2{/),s- 

Here we give a remark which is the same as 1.4]: When / does not contain 0, 
the log-V-modules and M^i ^' e E) are isomorphic if ^ — is contained in Z". 
So we see that the notion of E-semisimplicity and E-unipotence only depends on the 
image E of E in Z^/Z" in the following sense: An object {E,V) in LNMxxAKi),!: 
is E-semisimple (E-unipotent) if and only if it is r(E)-semisimple (r(E)-unipotent) 
for some (or any) section r : Z^/Z" — y Zp of the form r = YYi=i '^i of canonical 
projection Z^ — y Z^/Z". So, in this case, we will say also that {E,V) is E- 
semisimple (E-unipotent), by abuse of terminology. 

Before giving properties on E-semisimple and E-unipotent log-V-modules, we 
recall (and introduce) several terminologies on subsets in Zp. (Some of them are 
used not in this subsection but in later sections.) Recall that an element o; in Zp is 
called j>adically non-Liouville if we have the equalities 

lim \a + = lim \a — n|^/" = 1. 

Definition 1.3. (1) A subset E zn Zp is (NID) {resp. (NRD)) if for any a, /3 G E, 

a — (3 is not a non-zero integer [resp. a — (3 is not a non-zero rational number). 
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(2) A subset S in Zp is (NLD) {resp. (SNLD)) if, for any a, P & T^, a — P is a 
p-adically non-Liouville number {resp. for any a, (3 e S and a e a — (3 + a 
is a p-adically non-Liouville number). 

(3) A subset S m of the form S = UUi^i (NID) {resp. (NRD), (NLD), 
(SNLD)) if so IS each (1 < i < r). 

(4) A subset S m UJU' {resp. Z;;/Z[p)) of the form S = HLi^i (NLD) if, 
for any section r : WJ^/TI — )■ Z^ {resp. r : Zp/Z^^-j — i- Z^) o/ t/ie natural 
projection Zp — )■ llpjU {resp. Zp — )■ Zp/Z^p^) o/ t/ie form r = YYi=i^i> 
r(S) is (NLD). {Note that, when this condition is satisfied, t(S) is (NID) and 
(NLD) {resp. (NRD) and (SNLD)). Note also that, if ^ = 111=1^* ^ 
(NID) arw/ (NLD) (resp. (NRD) and (SNLD)_)_, t/ie «ma^e ^ofJ^m {Zp/Zf 
{resp. Zp/Z^p-j) zs (NLD) and we have S = r(S) /or some section t as above.) 

We have the following property, which we use in the later sections. 

Lemma 1.4. Let S := 111=1 ^« ^ subset in Zp which is (NRD) {resp. (SNLD)). 
Then, for any m e N prime to p, mE (see Convention for definition) is (NID) {resp. 
(NLD)). 

Proof. We only prove that mE is (NLD) when E is (SNLD), because the other 
assertion is easy. We may assume that r = 1. Take any G E and put ^ : = 
m{a — /3). Then, for any n G N with n = mq + r (g, r G N, < r < rri), we have 



1 > 1^ ± = Iml^/" (a- f3±—) ±q 

\ mJ 



1.9 

q n 



> 



r 



a- (3± — ) ±q 



m 



q m+1 



> min (|(a — /3 + a) ± g| -j'^+i ) 

aG(-l,l)nJ-Z 

and the limit inferior of the right hand side as n — )■ oo is 1 since (a — /3 + a)'s are 
p-adically non-Liouville by assumption. So we have lim „_^^ |^ ± ri|^/" = 1 and so 
mE is (NLD). □ 

Now let us recall the following proposition, which is partly proven in [HI 1.13, 
1.15]: 

Proposition 1.5. Let E = HiLi ^« ^ subset of Zp which is (NID) and (NLD). 

Then, for a smooth rigid space X over L and a quasi-open interval I C [0, oo), we 
have the equivalences of categories 

Uj : LNMxxA2[o,o],E = ULNM^exAjfo.o],!; — > ULNMxxyi2(/),S) 
Ui : SLNMxxyi2[o,o],s — > SLNM;^xA2(/),s 
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defined as follows: An object ((i?, V), {9^}) in ULNMxxA2[o,o],i; or SLNMxxA2[o,o],s 
{so (-E, V) is a V -module on X) is sent to 7i*E {where tt is the projection X x 
A^{I) — )• X) endowed with the log connection 

n 

V ^ 7r*V(v) + J]7r*(9,)(v)dlogt,. 

i=l 

Proof. The first equivalence is a special case of [44, 1.15]. The essential surjectivity 
of the second functor follows from the definition of E-semisimplicity and the full 
faithfulness of the second functor follows from that of the first functor. □ 

We also prove certain full faithfulness property of log-V-modules on relative 
annulus, which is a variant of [HI 1.14]. 

Proposition 1.6. Let X be a smooth rigid space over L, let A be an element in 
(0,1) n r* and let Si := ]^"^-^ Sy, S2 := 11^=1 be subsets of such that for 
any j and for any ^1 G Sij,^2 £ ^2j, we have ^1 — ^2 £ \ ^<o- For i = 1,2, 
let Ei := {Ei,Vi) be a T^i-unipotent log-V -module on X x ^^[0, 1) with respect to 
ti,...,tn {where o-fe. the canonical coordinate of A^\^,l)) and let us put 

E[ := -EjlxxAp^fA,!); which is a T^i-unipotent log-V -module on X x A^[X,1). Then 
the restriction functor induces the isomorphism 

Hom(Ei, E2) ^ Hom(E;, E'^), 

where Hom means the set of homomorphisms as log-V-modules. 

Proof. The proof is analogous to that of [44| 1.14]. First, by Proposition II. 5[ there 
exists a Sj-unipotent log-V-module Fi{i = 1,2) on X x y42[0,0] with respect to 
ti,...,tn (which are 'the coodinate of yl2[0,0]') such that E^ = W[o,i)(-^j)) and we 
have Hom(Fi, F2) — ^ Hom(ii^i, E2), E[ = W[a,i)(-^«)- So it suffices to prove that the 
functor W[A,i) induces the isomorphism 

Hom(Fi,F2) ^ Hom(W[A,i)(^i),^A,i)(^2)). 

In the following, for a log-V-module N on XxA^{J) {J = [0, 0] or [A, 1)) with respect 
to ti, ...,tn, we denote the associated log-V-module on X x A^{J) with respect to 
ti, ...,tn relative to X by A^. 

Let us put F = Fi ® F2 (as log-V-module). Then it suffices to prove that the 
map 

i/'^(X,F®u;;,^„[o_o]) H'^i^ X A2[A, 1), W[,,i)(F) ® u;-,^„f,,i)) 

is an isomorphism for a = and injective for a = 1. We may assume that X is 
affinoid by considering the spectral sequence induced by admissible hypercovering 
by affinoids. By the same technique and the five lemma, we may assume that X 
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is affinoid and that F has the form Fq ® tt*M^ (where vr is 'the projection X x 
Al[0, 0] — > Al[0, 0]') for some ^ := 6 - (6 e S^) and for some V-module Fq on 
X with Fq free as Ox-^odnle. 

By considering the Katz-Oda type spectral sequence for the diagram X x A^{J) 
— > X — > SpmK for J = [0, 0] or [A, 1), we obtain the spectral sequence 

^ H^^\X X Al{J), Fj ® u'x^a2(j)/l), 

where Fj = F (resp. U[x,i){F)) when J = [0, 0] (resp. J = [A, 1)). From this, we see 
that it suffices to prove the map 

(1.2) H^{X,F0u'^,^„^,^,y^) H^iX X Al[\A)M[x,i)iF)0u'^,^„^,^,y^) 

induced by W[a,i) is an isomorphism for a = and injective for a = 1. 

Since F is a finite direct sum of '/r*Mg, we may assume that F = 'n'*M^. If we 
put ^ = (rjj)'^^^, we have rjj G Zp \ Z>o for all j by assumption on Sj's. Then, 
when a = 0, the both hand sides on (11.21) are equal to if there exists some j with 
r]j G Zp \ Z and equal to r(X, Ox) YYj=i'^j if Vj ^ ^<o for all j- Hence they are 
isomorphic when a = 0. 

For general a, the left hand side (resp. the right hand side) of (II. 2p (in the case 
F = Tr*M^) is the a-th cohomology of the left hand side (resp. the right hand side) 
of the following map of complexes which is induced by W[a,i): 

(1.3) r(X,^f^® a;J,^„[o,o]A-) ^ r(X x Al[X,l),Uix,i){'Jr*M^) ^ u'x^^.^^^.yx)- 

(Here the complex is defined as the log de Rham complex associated to the log-V- 
module structure on 7i*M^ and U[x,i){tt*M^).) Since the map 

r(X X Al[X, l),UlX,l){n*M^) ® UJ'^,AIIX,1)/X) ^ r(X, ^ ® xA£[0,0]/x) 

of 'taking the constant coefficient' gives a left inverse of (11.21) . we see that the map 
(II. 3p induces injection on cohomologies. So the map (II. 2p is injective for any a and 
the proof is finished. □ 

1.2 Isocrystals 

In this subsection, we review the definition of certain properties on isocrystals which 
we introduced in [B] and recall some results proven there. We also add some more 
new terminologies and results which are useful in later sections. 
To do this, first we recall terminologies on frames. 

Definition 1.7 ([21, 2.2.4, 4.2.1]). (1) A frame {or an affine frame) is a triple 
(X, X, X) consisting of k-varieties X, X and a p-adic affine formal scheme X 
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of finite type over Spf O/^ endowed with a closed immersion i : X ^ X over 
Spf Ok o,nd an open immersion j : X "-^ X over k such that X is formally 
smooth over Ok on a neighborhood of X. We say that the frame encloses the 
pair (X, X). 

(2) A small frame is a frame {X,X,X) such that X is isomorphic {via i as in 
(1)) to X XgpfOjf Spec /c and that there exists an element f G T{X,Ox) with 
X = {f^O}. 

Remark 1.8. In [21J, a frame is written as a tuple {X, X , X ,i, j), but we denote it 
here simply triple {X,X,X). 

Definition 1.9 ([44, 3.3]). Let X X be an open immersion of smooth k-varieties 

such that Z := X \ X is a simple normal crossing divisor and let Z = IJi=i 

a decomposition of Z such that Z = |Ji<j<r Zi gives the decomposition of Z into 

irreducible components. A standard small frame enclosing {X, X) is a small frame 
X := {X,X,X) enclosing {X,X) which satisfies the following condition: There exist 
ti,...,tr G r{X,0^) such that, if we denote the zero locus of ti in X by Zi, each 
Zi is irreducible {possibly empty) and that Z = [jl^^Zi {which we call the lift of 
Z) is a relative simple normal crossing divisor of X satisfying Zi = Zi x^X. We 
call a pair (X, {ti, ...,tr)) a charted standard small frame. When r = 1, we call X a 
smooth standard small frame and the pair (X,ti) a charted smooth standard small 
frame. 

We also introduce the notion of charted smooth standard small frame with 
generic point as follows (It is essentially already appeared in the paper [H], but 
it is convenient to give it a name): 

Definition 1.10. Let X X be an open immersion of smooth k-varieties such 
that Z := X \ X is an irreducible smooth divisor. A charted smooth standard 
small frame with generic point enclosing (X, X) is a triple (X,ti,L) consisting of 
a charted smooth standard small frame (X, ti) = {{X,X,X),ti) and an injection 
T{Z, Oz) ^ L {where Z := {ti = 0} is the lift of Z) into a field L endowed with a 
complete multiplicative norm which restricts to the supremum norm on T{Z,Oz)- 

We introduce the notion of a morphism of charted smooth standard small frames 
(with generic points) as follows: 

Definition 1.11. A morphism f : {{X' ,X\'x'),t') — > {{X,X,'X),t) of charted 

smooth standard small frames is morphisms X' — )■ X,X — y X,X — ^ X com- 
patible with the structure of smooth standard small frames such that f*t = t'" 
for some positive integer n. A morphism {{X' , X ,X),t' , L') — y {{X, X, X),t, L) 
of charted smooth standard small frames with generic points is a morphism f : 
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{{X', X , X ),t') — )■ {{X,X,X),t) of charted smooth standard small frames en- 
dowed with a continuous morphism g : L — )■ L' of fields such that, if we put Z : = 
{t = 0}, Z' := {f = 0}, the diagram 

r{Z,Oz) T{Z',Oz') 



L L' 

is commutative, where f* is the homomorphism induced by f . 

As for the existence of a morphism of charted smooth standard small frames 
(with generic points), the following lemma will be useful later. 

Lemma 1.12. Let X ^ X {X' )■ x') be an open immersion of affine smooth 
k-varieties such that Z = X \ X {Z' = X \ X') is an irreducible smooth divisor 
defined as the zero section ofte T(X,Ox) {t' G T(x\0^')). Let f : (x' , Z') — y 
{X, Z) be a log smooth morphism such that f*t = t' for some n G N prime to p. 
Denote the morphism of pairs of schemes (X', X ) — )■ (X, X) induced by f also 
by f. Assume moreover that we are given a charted smooth standard small frame 
((X, X, enclosing (X, X) such that t G T{X,0-p^) is a lift oft. Then there 

exists a charted smooth standard small frame ((X', X', A*'), t') enclosing (X',X) 
such that t' G T{X ,0-^') is a lift oft and a morphism f : {(X' , X' , X'),t') — > 
((X,X,^),t) with f*t = t'" which is compatible with f : (X',X') — > (X,X). 



Proof. In the situation of the lemma, we have a diagram 

(X', Z') (X, Z) 



(SpecA;[t'],{t' = 0}) (Spec A;[t], {t = 0}), 

where the vertical arrows are induced from t, t' and /o is induced by the ring homo- 
morphism fc[t] — y ] : t I— 7- 1 . Then / is factorized as 

(1.4) (X',Z') (X,Z) X(Sp,,,[^,{j=o}) (SpecA;[r],{r = 0}) (X,Z). 

Then / is log smooth by assumption and the second morphism in (11.41) is log etale 
because so is /q. Hence the first morphism in (11.41) is also log smooth by [TBI 
3.5]. Since it is strict by assumption, it induces the smooth morphism g : X — )■ 
X Xgpgj.;jp] Specfc[t'] of affine schemes. Hence there exists a formal scheme X with 
X k = X and a smooth morphism g : X — y X ^spfOK{t}/o Sp^^^l^'} 

lifting g, where /q : Spf Oxit'} — >■ Spf 0/^{t} is the morphism induced by the ring 



16 



homomorphism Oi^{t} — > OK{t'}; t t-)- f". Then {{X',x', x'),t' := g*t') defines a 
charted smooth standard small frame, and the composite 

X' ^,^,o.{,^j, Spf 0^{t'} ^ X 

induces the morphism / of charted smooth standard small frames as in the statement 
of the lemma. So we are done. □ 

Remark 1.13. In this remark, let the notation be as in Lemma [1.121 and we denote 
the zero locus of t {t') in X (X ) hj Z (Z'). Then, by looking the proof of Lemma 
11.121 carefully, we see the following: The morphism {X ,Z') — > {X,Z) defining / 
is log smooth, and it is strict smooth when n = 1. Also, if the morphism Z' — > Z 
induced by / is an isomorphism, the morphism Z' — > Z induced by / is also an 
isomorphism because it is a lift of the morphism Z' — > Z to a morphism of p-adic 
smooth formal schemes over Spf Ok- So, if the morphism Z' — > Z induced by 
/ is an isomorphism and if we are given a charted smooth standard small frame 
with generic point ((X, X, X),t, L), the morphism / can be enriched to a morphism 
of charted smooth standard small frames with generic points of the form (/,id) : 
{{X',x',x'),t',L) ^ {{X,X,X),t,L). 

Let j : X X be an open immersion of smooth /c-varieties such that X \ 
X =: Z is a simple normal crossing divisor. Then we have the log scheme (X, Z) 
(see Convention for this notation) and the category of locally free log convergent 
isocrystals Isoc^°s(X, Z) on (X, Z) over K. We recall the notion of 'having exponents 
in S' for an object in lsoc'°^(X, Z), following [HI 3.7]. (We also introduce the notion 
of 'having exponents in S with semisimple residues'.) 

Definition 1.14. Let X X be an open immersion of smooth k-varieties such 
that Z := X \ X is a simple normal crossing divisor and let Z = \J^^^Zi he the 
decomposition of Z by irreducible components. Let S = ni=i ^« ^ subset of 
Zp. Then we say that an object £ in Isoc^°^(X, Z) has exponents in S (resp. has 
exponents in S with semisimple residues) if there exist an affine open covering X = 
UogA anc? charted standard small frames {{Ua,Ua,Xa),{ta,i, ■■■,ta,r)) enclosing 
{Ua, Ua) {a G A, where we put f/^ := X D Ua) such that, for any a G A and any 
i ^ i ^ r), all the exponents of the log-V -module Es^a on Xa,K induced by E 
along the locus \ta,i = 0} are contained in Ej {resp. all the exponents of the log- 
V -module Eg^a on Xa,K induced by £ along the locus {ta^i = 0} are contained in 
Hi and there exists some polynomial Pa,i{x) G Zp[x] without any multiple roots such 
that Pa^iijesi) = holds, where resj is the residue of Eg^a along {ta,i = 0}). We 
denote the category of objects in Isoc^°^(X,Z) having exponents in S (resp. having 
exponents inT. with semisimple residues) bylsoc^"^{X,Z)'^ (resp. Isoc^°^(X, Z)'^^ .,J . 

As a variant of [HI 3.8], we can prove the following: 
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Lemma 1.15. Let {X, X), Z := [J[^i Zi, S be as above and let £ be an object in the 
category lsoc^°^{X, Z). Then: 

(1) S has exponents in S {resp. has exponents in S with semisimple residues) if 
and only if the following condition is satisfied: For any affine open subscheme 
U "-^ X , any charted standard small frame {{U,U, X), {ti, ...,tr)) enclosing 
{U, U) {where we put U := XClU) and for any i {1 < i < r), all the exponents of 
the log-V -module Eg on induced by £ along the locus {t^ = 0} are contained 
in Sj [resp. all the exponents of the log-V -module Eg on X^ induced by S 
along the locus {tj = 0} are contained in Sj and there exists some polynomial 
Pi{x) G without multiple roots such that Pj(resj) = holds, where resj is 
the residue of Eg along {ti = 0}). 

(2) £ has exponents in S {resp. has exponents in S with semisimple residues) 
if and only if the following condition is satisfied: there exist affine open sub- 
schemes f/^"'' C X\Zsmg {where Zsmg is the set of singular points of Z) contain- 
ing the generic point of Z^ {1 < a < r), charted smooth standard small frames 

((f/("),f7^"\^^''^),t(")) enclosing {U^'^\U^'^^) {where we put U'^''^ := XnU^"^), 
such that, for any a {1 < a < r), all the exponents of the log-V -module 

E^^^ on X^^ induced by £ along the locus {t^"^ =0} are contained in Sq, 

{resp. all the exponents of the log-V -module E^"''' on Af^"* induced by £ along 
the locus = 0} are contained in and there exists some polynomial 
P^°'\x) E Zp[x] without multiple roots such that p(")(res*^"^) = holds, where 
res^"-* is the residue of Eg^a along {t^°'^ = 0}). 

Proof. First we prove (1). In the case of 'having exponents in S', this is proven in 
[m 3.8]. In the case of 'having exponents in S with semisimple residues', we can 
prove the lemma in the same way, as follows: Let £ be an object in Isoc^°^(X, Z) 
with exponents in S with semisimple residues and take {{U, U, X), {ti, ...,tr)), Eg as 
in (1). It suffices to prove that there exists some polynomial Pi{x) G 1^p[x] without 
multiple roots such that Pj(reSj) = holds, where resj is the residue of Eg along 

{k = o}_ _ 

Let X = UaGA^" and take {{Ua,Ua^Xa), {t^,i, ...,ta,r)), Ee,a and P„,i(x) G 
Zp[x] as in Definition 11.141 By shrinking X and X^ appropriately, we may assume 
that U = Ua for some a. Then, in the proof of P?', 3.8], we constructed the diagram 

(1-5) X^^K =]f7[;^,^]f7g^-^-]f7U.,^^]F[;^= Xk 

and proved that the residue of Eg^a along {ta^i = 0} is pulled back by (11. 5p to the 
residue resj of Eg along {ti = 0}. So we have Pq, i(resi) = and so we have proved 

(1). 

Next we prove (2). Let us take {{U,U, X), {ti, ...,tr)), Eg as in (1). Then it 
suffices to prove that all the exponents of Eg along {ti = 0} are contained in Ej 
(and there exists some polynomial Pi{x) G Zp[x] without multiple roots such that 
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Pj(reSj) = holds, where resj is the residue of Eg along {tj = 0}). Let us consider 

the intersection U fl H Zi. When it is empty, we have [/ fl = and so the 
locus {ti = 0} is empty. Hence the assertion we have to prove is vacuous in this 

case. So let us consider the case where U fl U^^^ fl Zi is non-empty. Then we can 
take a non-empty affine open formal subscheme A'j of X with Xi ®Ok k C U f] f/^*^ 
and Xi n {ti = 0} non-empty. Let := Snd{E£). Then, by the argument in [HI 
between 1.2 and 1.3], the restriction map 

T{{U = 0}, Fe) T(Xi,K n {U = 0}, F^) 

is injective. So, it suffices to show that Eg]^, ^ has exponents in Sj (and P*^*)(reSj) = 

0), that is, we may assume that U C U^^'^ to prove the desired assertion. Then, by 
shrinking U , we may assume that U = U .In this case, we have the diagram 
(II. 5p with Xa^K replaced by x'^^ . So the residue of E^^^ along {t^*) = 0} is pulled 
back to the residue reSj of Eg along {ti = 0}. Hence Eg has exponents in Sj (and 
P*^*''(reSj) = 0) and thus we have also proved (2). □ 

Next we recall the notion of 'having S-unipotent generic monodromy' for an 
object in Isoc^(X, X). We introduce also the notion of 'having E-semisimple generic 
monodromy'. 

Definition 1.16. Let X X be an open immersion of smooth k-varieties such that 
Z := X\X is a simple normal crossing divisor. Let Z = IJI=i decomposi- 
tion of Z by irreducible components and let Zsmg be the set of singular points of Z . 
Let S = ni=i ^« subset ofJT^. Then we say that an overconvergent isocrystal £ 
on (X, X) over K has H-unipotent generic monodromy {resp. H-semisimple generic 
monodromy) if there exist affine open subschemes Ua X \ Zsmg containing the 
generic point of Za (1 < a < r), charted smooth standard small frames with generic 
point {{Ua, Ua, Xa),ta, La) cnclosing {Ua, Ua) {where we put := X fl Ua) satis- 
fying the following condition: For any 1 < a < r , there exists some A G (0, 1) fl F* 
such that the V -module Eg^a associated to £ is defined on {x G Xa,K I |^a(3;)| > A} 
and that the restriction of Eg a to A\^\^\, 1) is "Ea-unipotent {resp. T^a-semisimple) . 

We denote the category of objects in Isoc^(X, X) having Tj-unipotent generic 
monodromy {resp. having Ti-semisimple generic monodromy) ^j/ Isoc^(X, X)^ {resp. 
Isoct(X,X)'s_,J. 

Note that the notion of having S-unipotent generic monodromy (S-semisimple 
generic monodromy) depends only on the image S of S in Z^/Z^ in the sense that £ 
has S-unipotent generic monodromy (S-semisimple generic monodromy) if and only 
if £ has r(E)-unipotent generic monodromy (r(S)-semisimple generic monodromy) 
for some (or any) section r : 17^/71 — )■ Zp of the form r = ni=i '^j of canonical 
projection Z^ — )■ U^jU . (See [HI 1.4] or the paragraph after Definition 11.21 ) 
Hence it is allowed to say that £ has E-unipotent generic monodromy (S-semisimple 
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generic monodromy) and denote by Isoc^(X, X)^ (resp. Isoc^(X, X)^ by abuse 
of terminology. 

Then the main theorem of [S] is described as follows. (We add also the 'semisim- 
ple' variant of the theorem.) 

Theorem 1.17. Let X ^ X he an open immersion of smooth k-varieties such 
that Z := X \ X is a simple normal crossing divisor and let Z = [Jl^i Zi be the 
decomposition of Z into irreducible components. Let S := ni=i ^* ^ subset of 
Zp/Z*" which is (NLD) and let t : Zp/Z'' — > Zp be a section of the form r = YYi=i 
of the canonical projection Z^ — > X^^jU . Then we have the canonical equivalences 
of categories 

(1.6) jt:Isoc'°s(X,Z);(^, 

(1.7) jt:Isoc'°^(X,Z);(3., 

which are defined by the restriction. 

Proof. The equivalence fll.6p follows from 3.12, 3.16, 3.17]. Let us prove the 
equivalence f ll.7p . First let us take £ E lsoc^"^{X, Z)'^^^^ and let us take open 

subschemes Ua X \ Zgi^g containing the generic point of Zq, (1 < a < r) and 
charted smooth standard small frames with generic point {{Ua, Ua, Xa),ta, La) en- 
closing {Ua, Ua) (where we put Ua '■= X n Ua)- Let Eg^a be the log-V-module on 
Xa,K induced by £, let Eg^i^a be the restriction of Eg^a to y4];^^[0,l) and let Za 
be the zero locus of ta in Xa- Then, by [HI 3.6, 2.12], E^^alz^ kxA]^[o,i) is S^- 
unipotent. So Es^L,a is also SQ-unipotent and hence Es^L^a = U[Q,i){,E, d) for some 
{E,d) G ULNM^i [Q o]. On the other hand, by Lemma |1.15[ there exists some 
Pa{x) G 1,p[x] without multiple roots such that Pa(resQ) = 0, where res^ denotes 
the residue of Eg^a along Za,K- Then the residue res^^a of E£^L,a satisfies the same 
equation. Note that, when we restrict E^^^^a to the locus {t = 0} (where t denotes 
the coordinate of ^i^[0, 1)), we obtain {E,d). So we have the equation Pa{d) = 0, 
that is, d acts semisimply on E. Hence Es^L,a = i^[o,i){E,d) is E-semisimple and so 
is the restriction of E^^L^a to ^l^[A, 1) for any A G [0, 1) fl T*. Therefore, we have 
j'^E G Isoc^(X, X)^ that is, the functor (11.71) is well-defined. 

The full faithfulness of (11. 7p follows from that of (II. 6p . Let us prove the essential 
surjectivity of (II. 7p . Let us take £' G Isoc^(X, X)^_^_^ and take £ G Isoc'°^(X, Z)'^^^ 

with i'^E = £'. Let us take {{Ua, Ua, '^a),ta. La), Za and A such that the V-module 
Egi^a associated to £' is defined on {x G Xa^K \ \ta{x)\ > A} and that the restriction 
Ee',L,a of Es'^a to A\ [A, 1) is E^-semisimple. By definition of £, E^' i a extends to 
the log-V-module Eg^L^a on ^i^[0, 1) induced by £ and it is So-unipotent by [HI 
3.6, 2.12]. Now let us note the equivalences 

ULNM^,jo,o],E. ULNM^,^[o,i),s. ^ ULNM^,^(,,i),s., 
SLNM^,^[o,o],E. SLNM^,jo,i),E. ^ SLNM^,^(,,i),s. 



^ Isoc^(X,X)^, 
^ Isoc'f(X,X)^_^ 
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induced by (11.51) : By the first equivalences, we see that there exists an object 
{E,d) e ULNM^^^[o,o],s, which is sent to Es,L,a e ULNM^^^[o,i),Sc and it is 
sent to ^£-',L,aUi^(A,i)- Then, since Es>^lAal^{\i) belongs to SLNMa^^(a,i),s,, we 
see by the second equivalences that {E,d) is actually in SLNM^^^j^ ^j^s^. Hence 
we have Es^L,a G SLNM^^^j^ ^^^s^ and this implies that there exists a polynomial 
Pa{x) G Zp[x] without multiple roots such that the residue res of Eg^L^a along 
{if: = 0} (where t denotes the coordinate of A\ [0, 1)) satisfies Pa(res) = 0. Then, 
since the restriction map r(ZQ, j^, £^nd(i?£-^Q,|2„ k)) — ^ r(SpmLQ,, ^nd(£'£:^i^Q|{j=o})) 
is injective, the residue resa of Es^a along Za^K also satisfies PQ,(reSo) = 0. Hence £ 
belongs to Isoc^°^(X, Z)'^^^ by Lemma [1.151 So we are done. □ 

We have also the following variant of the full faithfulness of the functor (II. 7p . 
which is useful in this paper: 

Proposition 1.18. Let X ^ X,Z := X\X he as above and let S := YYi=i ^« 

a subset of l/^/W/ which is (NLD). Let Ti : Z^/Z*" — > Z^ (i = 1,2) be sections of 
the form = YVj=i '^ij canonical projection Z^ — > Z^/Z*" such that for any j 

and any ^ E S^, Tij{^) > T2j{^). Then, for any Si G Isoc^°^(X, {i = 1, 2), the 

homomophism 

Hom(^i,^2) Hom(jt^i,jt£:2) 

is an isomorphism. 

Proof. Since we may work Zariski locally on X, we may assume that there exists a 
charted standard small frame ((X, X, A"), (ti, ...,tr)) enclosing (X, X). Let Ei (resp. 
Ei) be the log-V-module (resp. V-module) on Xk (resp. on a strict neighborhood 
of ]X in X k) induced by £i (resp. j'^Ei) {i — 1, 2). We may assume that E'j's are 
both defined on 2) := {x G Xk \ Vi, \ti{x)\ > A}. It suffices to prove the isomorphism 

(1.8) Hom:^^(Ei,E2) ^ Hom2j(^i,^2). 

(Here Hom denotes the set of homomorphism as (log-) V-modules.) Let us consider 
the admissible covering Xk = U/c{i r} where X/ is defined by 

X/ := {xEXk \ \ti{x)\ < 1 (z G /), \ti{x)\ >\{ii /)}. 
This covering induces the admissible covering 2) = IJ/c{i r} where 

'Qr.= {xeXK\\< \ti{x)\ <l{ie /), \ti{x)\ >X{ii I)}. 
For i = 1,2, Ei is Hj-g/ ''"i(^«j)"Unipotent on 

Xi = {x eXK\ti{x) = 0{iE I), \t^{x)\ > A(i ^ /)} X AI^I[0,1) 
by [m 3.6, 2.12]. Therefore, we have the isomorphism 

Homx, (^1,-^2) }iomyj{Ei, E2) 
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by Proposition 11.61 By noting the equalities 



n Xj = {s G Pa- I A < \ti{x)\ <l{ie{lUJ)\{ln J)), 

A<|t.(x)|(2^/UJ)}xAf'''[0,l), 

2), n 2) J = {x G I A < Hx)\ < 1 G (/ u J) \ (J n J)), 

A<|t.(x)|(z^/UJ)}xAiJ"-'l[A,l), 

we also see the isomorphism 

RouiXjnXjiEi, E2) — }iom^jr)Zjj{Ei, E2) 

by the same argument. So we have the isomorphism (11. 8p . □ 

Finally in this section, we give a slightly different formulation concerning the 
definition of log convergent isocrystals having exponents in S (with semisimple 
residues) and overconvergent isocrystals having S-unipotent (S-semisimple) generic 
monodromy. The formulation given below is useful when we discuss the functoriality. 

Definition 1.19. Let X "-^ X be an open immersion of smooth k-varieties such 
that Z = X \ X is a simple normal crossing divisor and assume that we are given 
a family of simple normal crossing subdivisors {ZiYi=i of Z with Z = Yll=i^i (^^ 
call such a family {Zi}l^^ a decomposition of Z) and a subset S = ni=i ^« of 1/^. 
Let Zi = UjLi ^ij ^6 the decomposition of Zi into irreducible components and let us 

put S' := 111=1^? — ^l"'"^'''- Then we say that an object E in Isoc^°^(X,Z) has 
exponents in E {resp. has exponents in E with semisimple residues) with respect to 
the decomposition {ZiYi=i when it has exponents in S' {resp. it has exponents in S' 
with semisimple residues) in the sense of Definition Ll^. We denote the category 



of objects in Isoc°^(X, Z) having exponents in S {resp. having exponents in S with 
semisimple residues) with respect to the decomposition {ZiYi=i by Isoc'°^(X, Z)^. 
{resp. Isoci°^(X,Z)s...). 

Definition 1.20. Let X X be an open immersion of smooth k-varieties such 
that Z = X\X is a simple normal crossing divisor and assume that we are given a 
decomposition {ZiYi=i of Z in the sense of Definition \l . 1 ^ and a subset E = YYi=i 
of or Zp/Z''. Let Z^ = UjLi decomposition of Zi into irreducible com- 

ponents and let us put S' := Y[l=i '^hich is a subset ofz'p^"^^'' or (Zp/Z)^*^!'''. 
Then we say that an object 8 in Isoc^(X, X) has H-unipotent generic monodromy 
{resp. has Ti-semisimple generic monodromy) with respect to the decomposition 
{ZiYi=i '^hen it has H' -unipotent generic monodromy {resp. it has T,' -semisimple 
generic monodromy) in the sense of Definition \1.16i . We denote the category of 
objects in Isoc^(X, X) having T^-unipotent generic monodromy {resp. Tj-semisimple 
generic monodromy) with respect to the decomposition {ZiY=i by Isoc^(X, X)e {resp. 
Isoct(X,X)s.ss). 



22 



Note that, when each Zi is irreducible and non-empty, we have Isoc'°^(X, Z)s = 
Isoc'°*^(X,Z)'2^Isoc'°s(X,Z)s-ss^ Isoc^°s(X, Isoc^(X,X)s = Isoc^(X,X)'2 

and Isoc^(X,X)s-ss = Isoc^(X, X)'^.,,. We prove here certain functoriahty results 
for the categories of the form Isoc'°^(X, 

Proposition 1.21. Let X,X,Z be as above and assume we are given a decompo- 
sition {Zi}1^i of Z and a subset S = HLi '^f '^p- f : X — > X one of the 
following: 

(1) / is an open immersion such that the image of X contains all the generic 
points of Z . 

(2) / is the morphism of the form X = Yi/s-^P — ^ /'^'^ '^'^ open covering 
X = IJ^ by finite number of open subschemes. 

Let us put Z' := Z x^X and consider that we are given the decomposition {Z'j}^^^ = 
{Zi Xj^ X } of Z' . Then, for an object S in Isoc^°^(X, Z), it is actually con- 
tained in Isoc^°^(X, Z)s(-ss) ^/ CLnd only if f*S G Isoc^°^(X , Z') is contained in 
Isoc'°s(x',Z')s{-ss). 

Proof. We may assume that each Z^ is irreducible (and so Z = [Jl^^ Zi is the de- 
composition of Z into irreducible components). First consider the case (1). In this 
case, Z' = |Ji=i ^'i is also the decomposition of Z into irreducible components. If 
we assume that £ is in the category Isoc^°^(X, Z)s(-ss), we can take charted smooth 

standard small frames ((f/("), ^Y^"^), t^")) (1 < a < r) satisfying the conclu- 
sion of Lemma 11.15( 2). Then, by shrinking we can assume that each 
is contained in X. Then we have f*£ G Isoc^°^(X , Z')2(_ss) by Lemma [1.15( 2). 
Conversely, if we assume that f*£ is in the category Isoc'°^(x', Z')s(-ss), we can 
take charted smooth standard small frames {{U^"'\ U^"'\ A'''"'*), t*^"")) (1 < a < r) for 
(X , Z') and f*S satisfying the conclusion of Lemma [1.15( 2). Then these charted 
smooth standard small frames satisfy the conclusion of Lemma 11.15( 2) for (X, Z) 
and £. So £ is in the category Isoc^°^(X, Z)y:(-ss)- So we are done in this case. 

Next consider the case (2). In this case, Z[ = \J p Z[ fl X/j gives the 

decomposition of Z[ into irreducible components. If we assume that £ is in the 
category Isoc^°^(X, Z)s(-ss); we can take charted smooth standard small frames 

((f/("),r7^"\^^''^),t(")) (1 < a < r) satisfying the conclusion of Lemma [III5];2). 
Then 

((f/(")nx,,!7("Mx,,:Y^"^t(-)) 

(where is the open formal subscheme of A" " whose special fiber is equal to 
t/*'"^ n Xp) for («,/3) with Z'^ fl Xp ^ satisfies the conclusion of Lemma [1.15( 2) 
for {X\Z'), f*£ and S' := H {«,/?) ^a- So we have f*£ G lsoc^"^(x' , Z%^_,,y 
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Conversely, if f*£ is in Isoc'°^(x', Z')2(-ss); we can take charted smooth standard 

small frames {{U'-'''^\U^'''^\x^'''^^),&'^^) ((a, /3) runs through the indices with Z'^n 
Xp 7^ 0) with [/("'Z') containing the generic point of Z'^ fl Xp such that they satisfy 
the conclusion of Lemma 11.15( 2) for {X , Z'), f*S and S'. Noting the fact that 
Z'^ r\ Xp is nonempty for some /3 for any 1 < a < r, we see that these charted 
smooth standard small frames satisfy the conclusion of Lemma 11.15( 2) for {X, Z) 
and £. So £ is in the category Isoc'°^(X, Z)y:{-ss)- So we are done. □ 

Proposition 1.22. Let X > X (X' )■ X') be an open immersion of smooth k- 
varieties such that Z = X\X {Z' = X \X') is a simple normal crossing divisor and 
let us assume given a decomposition {ZiYi=i {{^'i\\=i) '^f ^ i^')- ^ — 111=1^2 
be a subset ofZ^ and let f : (x', Z') — > {X, Z) be a morphism. Then: 

(1) // / is a surjective strict smooth morphism with f*Zi = Z[{1 < i < r), 
an object £ G Isoc^°^(X,Z) is in Isoc'°^(X, Z)2(-ss) if o.nd only if f*£ is in 
Isoc1°^(x',Z')e(-ss). 

(2) // / is log smooth and if there exists some n := (^^i)[=i with n^'s prime to p 
such that f*Zi = niZ[ (1 < i < r) etale locally on X and X , the pull-back f*£ 
of an object £ in Isoc'°^(X, Z')s(-ss) is contained in Isoc^°^(X , Z')nT,(-ss)- 

Proof. First let us prove (1). By Proposition I1.21T 1). we may replace X,X by 
X \ ^sing, f~^{X \ Zsing), respectively. (Then Z, Z' will be smooth.) Then, for an 
open covering X = |J/3^;S t)y finite number of open subschemes, we may replace 
X,X by UpXp,Upf^\Xi3) by Proposition 01^2). Then, to prove the assertion 
in this situation, we may replace X,x' by X^,/~^(X/3). So we may assume that 
X is affine connected, Z is a connected smooth divisor in X and r = 1 (and so 
Z = Zi). Moreover, we may assume that there exists a charted smooth standard 
small frame {{X,X,X),t) enclosing (X, X). Moreover, by taking an open covering 
X = IJ/3^/3 t>y finite number of affine opens and replacing X by 
assume that x' is a disjoint union of connected affine schemes x'^. Then, by Lemma 
11.121 and Remark I1.13[ there exists a morphism of charted smooth standard small 
frames/^ : ((X^ \ Z', X^, A*^), t^) — )■ {{X, X , X),t) compatible with the composite 

(X^ \ Z'^x'i^) ^ (X',X') ^ (X,X) such that / : — yX is smooth and that 
f*t = t^. Then £ induces the log-V-module {E, V) on with respect to t, f*£ 
induces the log-V-module {E'^, V^) on ^^^^x with respect to for each /3 and we 
have f^ j^{E,'V) = (i?^, V^), where f^^x '■ '^'i3,k — ^ k is the morphism induced 
by fp. By definition, £ has exponents in E (with semisimple residues) if and only 
if the exponents of {E^ V) along {t = 0} is contained in S (and there exists some 
P{x) G Zp[x] without multiple roots with P(res) = 0, where res is the residue of 
{E, V) along {t = 0}) and f*£ has exponents in E (with semisimple residues) if 
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and only if, for any /3, the exponents of (i?^,V^) along {t^ = 0} is contained in 
S (and there exists some P/six) G Zplx] without multiple roots with P^(res|^) = 0, 

where res^ is the residue of (ii^^, V^Jj) along {t^J^ = 0}). Note now that, since 
is surjective and smooth, the induced map 

End(E||,=o}) l[End{E'^\{t'^=o}), 

which sends res to {Tes'i^)^ is injective. From this injectivity, we see that, for any 
P{x) G Zp[x], we have P(res) = if and only if Pijesp) = for any /3. So the 
exponents of {E, V) along {t = 0} is contained in S (and there exists some P{x) G 
Zp[a;] without multiple roots with P(res) = 0) if and only if the exponents of (i?^, V^Jj) 
along is contained in S (and there exists some Ppix) G Zp[x] without multiple 
roots with P^(res^) = 0) for any /3. So S has exponents in E (with semisimple 
residues) if and only if f*S has exponents in S (with semisimple residues). Hence 
we have proved the assertion (1). 

Next we prove (2). By the argument as in the proof of (1), we may assume that 
X is affine connected, Z is a connected smooth divisor in X and r = 1 (and so 
Z = Zi). By using Proposition 11.21( 1). we may assume that Z' is smooth, and by 
replacing X by its affine open subschemes, we may assume X is affine connected 
and Z' is a connected smooth divisor. Since we may work etale locally on X and X 
by (1), we may assume that Z, Z' are defined as the zero locus of t, t with f*t = t . 
Also, we may assume that there exists a charted smooth standard small frame 
{{X,X,X),t) enclosing {X,X) such that t lifts t. Then, by Lemma 11.121 there 
exists a charted smooth standard small frame {{X' , X , X ),t') enclosing {X',X) 
such that t' G T{X ,0-^') is a lift of t' and a morphism / : ((X',X ,X ),t') — 
{(X,X,X),t) with f*t = t'" which is compatible with / : (X',x') — > (X,X). 
Then S induces the log-V-module {E, V) on Xk with respect to t, f*£ induces the 
log-V-module {E',V) on x'j^ with respect to t' and we have f^{E,V) = {E',V), 
where fx '■ Xj^ — > Xk is the morphism induced by /. When S has exponents in S 
(with semisimple residues), the exponents of {E, V) along {t = 0} is contained in S 
(and there exists some P{x) G 1jp[x] without multiple roots with P(res) = 0, where 
res is the residue of {E, V) along {t = 0}). Then, by the equality f*t = t'", we see 
that the residue res' of (i?', V) along {f = 0} satisfies res' = n/^(res). Hence the 
exponents of {E', V') along {t' = 0} is contained in nS (and we have P(res'/n) = 0). 
Hence f*S has exponents in nS (with semisimple residues) and so we have proven 
the assertion (2). □ 



2 Convergent isocrystals on stacks 

In this section, we give a definition of the category of (log) convergent isocrystals 
on (fine log) algebraic stacks and prove the equivalences (10.71) . (10.81) and (10.91) . 
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2.1 Basic definitions 

In this subsection, we give a definition of tlie category of (log) convergent isocrystals 
on (fine log) algebraic stacks. For an algebraic stack X of finite type over k, we define 
the category Sch/X as follows: An object in Sch/X is an object Y in Sch endowed 
with a 1-morphism ay '■ Y — X. A morphism {Y, ay) — > (Y', ay/) in Sch/X is a 
morphism of schemes (p : Y — > Y' endowed with a 2-isomorphism r : ayoip ^> ay. 
(Note that, when X is in Sch, the category Sch/X is nothing but the category of 
objects in Sch over X.) Using this category, we define the notion of convergent 
isocrystals on algebraic stacks as follows: 

Definition 2.1. Let X he an algebraic stack of finite type overk. We define the cat- 
egory Isoc(X) of convergent isocrystals on X over K {resp. the category F-Isoc(X) 
of convergent F -isocrystals on X over K , the category F-lsoc{X)° of unit-root con- 
vergent F -isocrystals on X over K) as the category of pairs 

{{Sy}y eOh{Sch/X), {v^£}(/p:Y^y'eMor{Sch/X)), 

where £y G Isoc(y) {resp. Sy G F-Isoc(F), Sy G F-Isoc(F)°) and ips is an isomor- 
phism ip*£yi Sy in Isoc(F) {resp. F-Isoc(F), F-Isoc(F)°) satisfying the cocycle 

condition p^ o (p*(p'^ = {(p' o ip)^ for Y Y' Y" in Sch/X. 

For a scheme X in Sch, the above definition of the categories Isoc(X), F-Isoc(X), 
F-Isoc(X)° coincides with the usual definition: The equivalence is given by 

E I— 7- ({ay^^}(y,ay)eOb(Sch/x), {v^£ : p)*a*YiE ^ ay^^}i^:y^y'eMor(Sch/x)), 

({^^y}(y,ay)eOb(Sch/X), {v'^}¥>:V-i'y'GMor(Sch/X)) ^ Ex- 

Let X be a Deligne-Mumford stack of finite type over k, let e : Xq — > X be 
an etale surjective morphism from a scheme Xq in Sch and let X„ {n = 0, 1,2) be 
the {n + l)-fold fiber product of Xq over X. Then we have a 2-truncated simplicial 
scheme X, endowed with a morphism X, — y X and we have canonical functors 

(2.1) Isoc(X) — y Isoc(X.), F-Isoc(X) F-Isoc(X.), 

F-Isoc(X)° F-Isoc(X.)°. 

Then we have the following: 

Proposition 2.2. Let the notations be as above. Then the functors (12.11) are equiv- 
alences. 

Proof. We treat only the case for Isoc(X). (The other cases can be proven in the 
same way.) We define the inverse functor as follows: Given an object E, G Isoc(X,) 
and Y — y X in Sch/X, let us put Y, := X, XxY. Then E, naturally induces an 
object in Isoc(Y,), which we denote by E'^. Then, since Y, — y Y is an etale Cech 
hypercovering of schemes, we have the equivalence Isoc(y) — y Isoc(Y,) by [351 4.4]. 
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So S', induces an object Sy in Isoc(y). Then {i^y}ygsch/x forms in a narutal way an 
object in Isoc(X). One can prove that this functor gives the desired inverse functor 
by using the etale descent property for the category of convergent isocrystals 
4.4] again. □ 

Example 2.3. Let X be an object in Sch and let G be a finite etale group scheme 
over k acting on X. Then we have the quotient stack [X/G], which is a Deligne- 
Mumford stack. Xq := X — > [X/G] is a surjective finite etale morphism and if we 
denote the {n + l)-fold fiber product of X over [X/G] by X„ {n = 0, 1, 2), we have 
Xn = X Xk G". In this case, an object in lsoc([X/G]) = lsoc(X,) is nothing but a 
convergent isocrystal S on X endowed with an equivariant action of G. 

In the following, we generalize the above definition of the category of convergent 
isocrystals on algebraic stacks to the case with log structures. First recall that 
the notion of a fine log structure on an algebraic stack X is defined in [SU 5.1] as 
a sheaf of monoids Mx on the lisse-etale site Xiis_et endowed with a monoid homo- 
morphism Mx — > ^^us-ot ^'^^h that, for any object U in Xus-et, the log structure 
Mx\uct on ^et is fine and that, for any morphism ip : U' — U in Xiis_et, the map 
ip*{Mx\uet) — ^ Mx\u' is an isomorphism. We call a pair {X,Mx) of an algebraic 
stack X and a fine log structure Mx on it a fine log algebraic stack. For a fine 
log algebraic stack {X, Mx) and a morphism of algebraic stacks / : Y — y X, one 
can define the pull-back log structure f*Mx on Fus-et (see [Ml p. 773]). When Y 
is a scheme, the restriction /*Mx|y.t of f*Mx to the etale site Fet gives a fine log 
structure on Y (see [341 5.3]). Now we define the notion of locally free log convergent 
isocrystals on fine log algebraic stacks as follows: 

Definition 2.4. Let {X,Mx) be a fine log algebraic stack of finite type over k. 
We define the category Isoc'°^(X, Mx) of locally free log convergent isocrystals on 
(X, Mx) over K {resp. the category F-lsoc^°^{X, Mx) of locally free log convergent 
F -isocrystals on {X,Mx) over K) as the category of pairs 

{y,ay)GOb(Sch/Js:)? {V£}<fi:Y^Y'eMor{Sch/X)), 

where Sy G Isoc'°'^(F, OyMxIy^J {resp. Sy ^ F-Isoc^°s(F, OyMxIy^J) and ip£ is an 
isomorphism ip*£y I ^> £y m lsoc^°^(y, ayMxIy^J {f^sp. F-Isoc'°^(F, ayMx|y,t)) 
satisfying the cocycle condition o ip*ip'^ = {(p' o ip)^ for Y Y' Y" in 
Sch/X. 

Note that, for (Y, My) G LSch and a strict etale Cech hypercovering (Y,, My.) — >• 
(F, My), we can prove the equivalence of categories Isoc^°^(F, My) Isoc'°^(F,, 
My.) in the same way as [351 4.4]. (See also [HI 5.1.7].) So we can prove the 
following proposition in the same way as Proposition 12.21 (so we omit the proof): 

Proposition 2.5. Let {X,Mx) be a fine log Deligne-Mumford stack of finite type 
over k, let e : Xq — > X be an etale surjective morphism from a scheme Xq in Sch. 
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Let Xn {n = 0, 1, 2) be the {n + l)-fold fiber product of Xq over X and let Mx„ be 
the restriction of Mx to X„ et • Then the canonical functors 

lsoc^°^{X,Mx) lsoc^°^{X„Mx,), F-lsoc^''^{X, Mx) — > F-Isoc'^^^X., M^.) 
are equivalences. 

Once we define the catee;ories Isoc(X),F-Isoc(X),F-Isoc(X)° (resp. Isoc^°s(X, 
Mx), -F-Isoc'°^(X, Mx)) for algebraic stacks X (resp. fine log algebraic stacks (X, 
Mx)), we can generalize the definition to the case of diagram of algebraic stacks 
(resp. diagram of fine log algebraic stacks) as follows. 

Definition 2.6. Let Sta {resp. LSta) be the 2-category of algebraic stacks {resp. 
fine log algebraic stacks) of finite type overk. Then, for a category C {regarded also 
as a discrete 2-category) and a 2-functor $ : C — > Sta {resp. $ : C — > LSta), we 
define the category Isoc($), F-Isoc($), F-Isoc($)° {resp. Isoc^°^($), F-Isoc^°^($)) 
as the category of pairs 

({^y }y60b(C) , Ws}ip:Y-^Y'eMor{C)), 

where Sy is an object in Isoc($(F)), F-Isoc($(F)), F-Isoc($(F))° {resp. Isoc'°s 
($(y)), F-Isoc'°s($(y))) and is an isomorphism $((/7)*£y/ — V Ey satisfying the 

cocycle condition (ps o $((/?)*(/?g = ((/?' o (p)^ for Y — ^ Y' Y" in C. 

In particular, we can define the categories Isoc(X,), F-Isoc(X,), F-Isoc(X,)° 
(resp. Isoc'°^(X,, Mx,), F-Isoc^°^(X,, Mx,)) for 2-truncated simphcial algebraic 
stacks X, (resp. 2-truncated simplicial fine log algebraic stacks {X,,Mx,))- 
easy to see that, for X G Sta and a 2-truncated etale Cech hypercovering X, — > X, 
we have the equivalences 

Isoc(X) ^ Isoc(X.), F-Isoc(X) ^ F-Isoc(X.), F-Isoc(X)° ^ F-Isoc(X.)° 

and for X G LSta and a 2-truncated strict etale Cech hypercovering (X,, Mx,) — > 
(X, Mx), we have the equivalences 

Isoc'°s(X, Mx) 4 Isoc^°s(X., Mx,), F-Isoc'°s(X, Mx) 4 F-Isoc^°s(X., Mx,). 

Next we give a definition of the category of locally free log convergent isocrystals 
on certain algebraic stacks 'with exponent condition'. Let (X, Mx) be a fine log 
algebraic stack of finite type over k satisfying the following condition (*): 

(*) There exists a smooth surjective morphism ay : Y — > X with Y G Sch 
such that Y is smooth over k and that My := ayMxly^^ is associated to a simple 
normal crossing divisor ZonY. 

Under this condition, we define the notion of a decomposition of Mx as follows: 
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Definition 2.7. Let {X,Mx) be as above. Then a family of sub fine log structures 
{Mx,j}[=i of Mx is called a decomposition of Mx {with respect to ay '■ Y — )• X) 
if the log structure My/i '■= ayMx^ilYat ^■s associated to a simple normal crossing 
subdivisor Zi of Z {1 < i < r) with Z = Yll=i ^i- 

Concerning the above definition, we have the following independence result. 

Lemma 2.8. Let {X, Mx) be as above and let {Mx,i}i=i be a family of sub fine log 
structures of Mx- Then, if {Mx^i}i=i is a decomposition of Mx with respect to one 
morphism ay '■ Y — > X as in {*), it is a decomposition of Mx with respect to any 
morphism ay : Y — X as in (*). 

Proof. Assume that {Mx,i}i=i is a decomposition of Mx with respect to a morphism 
ay : Y — > X as in (*) and let us take another morphism ay/ : Y' — y X as in 
(*). Then, by taking a suitable surjective etale morphism / : Y" — y Y Xx Y', we 

see that the composite ay : Y" — y Y Xx Y' — X also satisfies the condition 
(*). Also, the morphisms Y" — y Y,Y" — y Y' induced by projection are smooth. 
For m = 0, 1, 2, let Y^ be the (m + l)-fold fiber product of Y" over Y' . Let tTj : 
y/' — y Yq = Y" [j = 0, 1) be the projections and let ay^ be the natural morphism 
Y^ — >■ X induced by (any) projection — y Y" and ay. 

By assumption, OyMxIy^t is associated to a simple normal crossing divisor Z on 
Y and ayMx^ily^^ is associated to a simple normal crossing subdivisor Zj of Z with 
Z = ^Y^^^^Zi. By 5.3], we see that the log structure a\rMx (resp. ayMx^i) on 
Fiis-et is also associated to Z (resp. Z^. So, if we define Z" (resp. Zf) to be the pull- 
back of Z (resp. Zi) to F", we see that the log structure aynMx (resp. ayuMx^i) 
is associated to Z" (resp. Z'l\ and by pulling it back by vTj, we see that the log 
structure aynMx (resp. ayuMx^i) is associated to vtqZ" (resp. vrg^f) and also to 
T\\Z" (resp. \lZ'l). So we have the equality 7r*Z" = tx\Z" (resp. 7r*Zf = 7r*Zf) and 
it satisfies the cocycle condition on Y2 . So there exists a normal crossing divisor Z' 
(resp. Z'^ on Y' which is pulled back to Z" (resp. Z'l) by the morphism Y" — y Y' . 
(Then we see also the equality Z' = J2l=i ■^i-) Let (resp. Ni) be the log structure 
on y'p't associated to Z' (resp. Z'^). Then A^ and Myi := ay,Mx\y^^ (resp. Ni and 
My^i := ay,Mx,j|yjJ coincide on V,'g^. So they are equal by [Ml Theorem A.l]. 
Hence My (resp. My/ j) is associated to Z' (resp. Z[). So, by the condition (*), we 
see that Z' (which is a priori a normal crossing divisor) is in fact a simple normal 
crossing divisor and so are Z'^'s. Hence {Mx,i}i=i is also a decomposition of Mx 
with respect to the morphism ay : Y' — y X. So we are done. □ 

Now we define the category of locally free log convergent isocrystals with expo- 
nents in S for certain fine log algebraic stacks, as follows: 

Definition 2.9. Let {X,Mx) be a fine log algebraic stack of finite type over k 
satisfying the condition (*) above and let {Mx,i}i=i be a decomposition of Mx. Let us 

take E = HLi ^« — '^"^ ^^^^ '■ ^ — ^ ^) ^ — Yll=i (*) ^'^^ 

Definition \2. ?[ Then we say that a locally free log convergent isocrystal 8 on (X, Mx) 
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over K has exponents in S {resp. has exponents in S with semisimple residues) with 
respect to the decomposition {Mx,i}l=i if the object Sy G Isoc^°^(F, My) induced by 
S has exponents in S {resp. has exponents in S with semisimple residues) with 
respect to the decomposition {ZiYi=i of Z . We denote the category of locally free log 
convergent isocrystals on (X, Mx) having exponents in S {resp. having exponents 
in S with semisimple residues) by Isoc'°^(X, Mx)s {resp. 

We have the following independence result. 

Lemma 2.10. The above defininition is independent of the choice of ay '■ Y — )■ X 
as in {*). 

Proof. Let S E Isoc^°^(X, Mx) and let us take two morphisms ay : Y — > X 
ay : Y' — y X as in (*). Then, by taking a suitable surjective etale morphism 

f : Y" — > Y XxY', we see that the composite ay„ : Y" Y Xx Y' — > X 
also satisfies the condition (*), and the morphisms Y" — y Y, Y" — y Y' induced by 
projection are surjective and smooth. So, it suffices to prove the following: For two 
morphism ay : Y — y X, ay : Y' — y X as in (*) and a surjective smooth morphism 
/ : Y' — y Y with ay of 2-isomorphic to ay/, £ has exponents in S (with semisimple 
residues) for the morphism ay : Y — y X if and only if so does it for the morphism 
ayi : Y' — y X. If we take Z = Y^^^i Zi as in (*) and Definition 12.71 and if we put 
Z' := f*Z,Zl := f*Zi, the claim we should prove is rewritten as follows: ayS has 
exponents in S (with semisimple residues) with respect to the decomposition {Zi}i 
of Z if and only if ay/S = f*{aYS) has exponents in E (with semisimple residues) 
with respect to the decomposition {Z^} of Z'. This follows from Proposition 11.22( 1). 
So we are done. □ 

We can also define the category of locally free log convergent isocrystals with 
exponent condition for certain diagram of fine log algebraic stacks. 

Definition 2.11. Let {X,,Mx,) be a diagram of fine log algebraic stacks of finite 
type over k indexed by a small category C such that each {Xc, MxJ (c G C) satisfies 
the condition {*) and let {Mx.,j}[=i be a family of sub fine log structures of Mx, such 
that, for anyc G C, the induced family {Mx^,i}i=i gives a decomposition of Mx^- { We 
call such a family {Mx,,iYi=i ^ decomposition of Mx,-) Then we say that an object 
£, in Isoc'°^(X,, Mx.) has exponents in S {resp. has exponents in S with semisim- 
ple residues) with respect to the decomposition {Mx.,i}i=i if for any c E C, the 
object £c G Isoc^°^(Xc, MxJ induced by £, is contained in Isoc^°^(Xc, M^Je {resp. 
Isoc'°^(Xc, Mxc)s-ss)- We denote the category of objects in in Isoc'°s(X.,Mx.) having 
exponents in S {resp. having exponents in E with semisimple residues) with respect 
to the decomposition {Mx,,i}l=i 6y Isoc'°^(X,, Mx.)e {resp. Isoc^°^(X,, Mx.)s-ss)- 

We have a functoriality property of the category of the form Isoc^°^(X, Mx)s(-ss) 
for certain morphism of fine log algebraic stacks. 
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Proposition 2.12. Let {X,Mx) be a fine log algebraic stack of finite type over k 
satisfying the condition {*) and let {Mx,j}[=i be a decomposition of Mx- Let us 
assume given another fine log algebraic stack (X', M^') of finite type over k and a 
strict smooth morphism f : {X',Mx') — {X,Mx) over k. Then, {X',Mx') also 
satisfies the condition (*) and {/*Mx,j}[=i gives a decomposition of Mx' ■ Moreover, 
for a subset S = ni=i ^« inlf^, f induces the functor f* : Isoc'°^(X, Mx)s(-ss) — ^ 
Isoc'°s(X',MxOs(-ss). 

Proof. Let us take ay : Y — > X^Z = Zi as in (*). Then we can take a diagram 
ayi : Y' — )■ Y ^x^' — ^ for some Y' G Sch such that the first map is surjective 
etale. Denote the composite Y' — )■ Y ^x Y by h. Then ayi is surjective 

smooth and the log structure ayiMx' is equal to ayif^Mx = VayMx, which is 
equal to the log structure associated to the simple normal crossing divisor b^^{Z) 
in Y'. So {X',Mx') satisfies the condition (*). Moreover, since the log structure 
ay,/*Mx,i|Y;; = 6*ayMx,i|yj^ is associated to the simple normal crossing subdivisor 
b-\Zi) of b-\Z) in Y', we see that {f*Mx,i}i=i gives a decomposition of Mx'- 

Let us prove the last asssertion. Let us take an object £ in Isoc'°^(X, Mx)e{-ss)- 
Then the object Sy in Isoc^°^(F, Z) induced by £ is contained in Isoc^°^(F, 2')e(_ss). 
Since the morphism b : (Y', b-^{Z)) — > (Y, Z) is strict smooth, h*{£y) ^ (/*£:)y,(:= 
the object in Isoc'°^(y, b~^{Z)) induced by f*£) is contained in the category Isoc^°^ 
(y, 6-H^))s{-ss) by PropositionOa^l). Hence we have f*£ G Isoc^°s(X', Mx')e{-ss), 
as desired. □ 

Corollary 2.13. Let (X, Mx) be a fine log algebraic stack of finite type over k 
satisfying the condition (*) and let (X,,Mx.) — > {X,Mx) be a 2-truncated strict 
etale Cech hypercovering. Let {Mx,j}[=i be a decomposition of Mx, let {Mx.a} be 
the induced decomposition of Mx, and let S = ni=i ^ subset ofZ^. Then we 

have an equivalence of categories 

(2.2) Isoc'°s(X, Mx)e(-ss) ^ Isoc'°s(X., Mx.)e(-ss). 

Proof. By Proposition 12.121 (see also Definition 12.111) . we have the functor (12.21) . 
and it is fully faithful because the functor Isoc'°^(X, Mx) — >lsoc^°^{X,, Mx.) is 
an equivalence. Let us prove the essential surjectivity. So let us take an object 
£, e Isoc^°§(X„Mx.)s(-ss) and take an object £ G Isoc^°^(X, Mx) which is sent to 
£,. Then there exists a morphism ay : Y — > Xq and Z C F as in (*) for Xq and the 
object £o,y in Isoc'°^(y, Z) induced by £o is actually contained in Isoc^°^(y, Z)s(_ss). 
Then the composite Y Xq — > X and Z C Y satisfy the condition (*) for X 
and the object £o,y is equal to the object £y in lsoc^°^(F, Z) induced by £. Hence 
we have £ G Isoc^°^(X, Mx)s(-ss)5 as desired. □ 

Finally in this subsection, we give how to define fine log structures on Deligne- 
Mumford stacks and give examples which are useful in this paper. 

Let X be a Deligne-Mumford stack of finite type over k, let e : Xq — > X be 
an etale surjective morphism from a scheme Xq separated of finite type over k and 
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let Xn {n = 0, 1, 2) be the (n + l)-fold fiber product of Xq over X. Assume that 
there exists a fine log structure Mx, on the 2-trucated simplicial scheme X, such 
that the transition maps {Xa,MxJ — >■ (Xf,, M^J {a,b G {0,1,2}) are all strict. 
Then we can define the fine log structure Mx on X in the following way: For 
an object Y — ¥ X in Xiis_et, we have the 2-truncated etale Cech hypercovering 
X, Xx Y — y Y. Then the pull-back Mx.xxY of Mx. to X, Xx ^ descends to 
the fine log structure My on Fet and it is functorial with respect to F. So {My}y 
defines a fine log structure on X. 

Example 2.14. Let {X,Mx) be a connected Noetherian fs log scheme and let 
(y. My) — > {X, Mx) be a finite Kummer log etale (finite log etale of Kummer type 
in the terminology in [31]) Galois covering with Galois group G. For m = 0, 1,2, 
let (F^,My„) be the (m + l)-fold fiber product of (Y, My) over (X, Mx) in the 
category of fs log schemes. Then we have (Fm.,My^) = {Yq,Myq) x G"^ naturally 
(see [13]) and so Y, — > [^/G] gives an etale Cech hypercovering of [F/G]. So the 
log structure My. on Y, induces the log structure M^y/g] on [i^/G]. 

Example 2.15. Let X be a scheme smooth separated of finite type over k and 
let Mx be a log structure on X associated to a simple normal crossing divisor Z = 
lJi=i (with each Zi irreducible). Let / : {Y, My) — y (X, Mx) be a finite Kummer 
log etale Galois covering with Galois group G, let Y^^ be the smooth locus of Y and 
put Mysm := My|ysm. Also, let X' be the image of F"™ in X and put Mx' ■= Mx\x'- 
Then F"™ is G-stable and / induces the morphism /' : (y'^'^,Mysm) — > {X',Mx'), 
which is again a finite Kummer log etale Galois covering with Galois group G. So, 
by Example I2.14[ the log structure M[ysm /q] is defined. (By construction, we have 
M[ysm/(;;] = Mjy/G] | [ysm/fj] , whcrc M[Y/G] IS ^s in Example 12.141 ) Note that, by [331 
5.2] and the perfectness of k, the log structure Mysm is associated to some normal 
crossing divisor Z' and the Kummer type assumption of / implies that Z' is in fact 
a simple normal crossing divisor. For any i, (/'*(X'nZj))i.ed defines a simple normal 
crossing subdivisor Z'^ of Z' which is G-stable and we have Z' = J2l=i ^i- Then, 
the log structure on Y,^™ := X' XxY, = x G' (where Y, is as in Example I2.14p 
associated to Z'^ x G' induces a sub log structure M[ysm/c.] j of M[ysm/(j] and the 
family {M[Y^n^/G],i}i=i defines a decomposition of M[ysm/G]. 

2.2 First stacky equivalence 

In this subsection, we give a proof of the equivalences (10. 7p and (10. 8p . To do so, first 
let us recall the equivalence of Crew. 

Let X be a connected smooth varieties over k. Crew proved in [9] the equivalence 

(2.3) G : Rep^.(7ri(X)) ^ F-Isoc(X)° 

(which is equal to (10. 6p ). Let us recall the definition of the functor (12. 3p . us- 
ing the notion of convergent site which is introduced in [35]. Let p be an object 
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in Rep^<T(7ri(X)) and let T := J-o,q be the corresponding object in ^m^K'^iX) = 
Smo^(-^)(Q. (Here, for an additive category C, Cq denotes the Q-linearlization of 
it and for an object A in C, Aq denotes the object A regarded as an object in 
Cq.) For an enlargement (T,zt) in the convergent site (X/Spf Oi^)conv of X over 
Spf Ok (that is, a j9-adic formal scheme T of finite type over Spf Ok and a morphism 
zt '■ Tq := (T Oif/mx)red — > X over k), let J-q^t be the object in Smo^(T) 
corresponding to 2;^^(J^o) via the equivalence Smo^(T) = Smo^(To) and let us de- 
fine St by St '■= {J^o,t ®o%. C't)q as an object in the Q-linearized category of the 
category of coherent sheaves on Tet. Then S := {St}{t,zt) defines a locally free 
convergent isocrystal on X over K. Moreover, the g-th power Frobenius endomor- 
phism F : X — > X induces the equivalence : Smo^(X) — ^ Smoj, (X) with 
F^^(J^o) — -^0; and so we have the isomorphism 

^T ■■ {F*S)t = {F-\J^o)t Ot)q ^ (J-Q.T Ot)q = St 

for any enlargement (T,zt), where {F*S)t denotes the sheaf on Tet induced by 
the locally free convergent isocrystal F*S and F^^(J^o)t is the object in Smo^(T) 
corresponding to Zj^'^^F^^^J'o)) via the equivalence Smo^(r) = Smo^(To). Then, if 
we put \l/ := {'^t}{t,zt): "we see that the pair {S, defines an object in F-Isoc(X)°, 
which we define to be the image of p by the functor G. In view of this description, 
we see that Crew's equivalence f l2.3p is written as the equivalence 

(2.4) G : Sm^.(X) ^ F-Isoc(X)°. 

(The choice of a base point in the definition of vri(X) is not essential.) Also, we see 
easily the functoriality of the equivalence f l2.4p . 

Now we proceed to prove the equivalences (10.71) and (10.81) . In the following in this 
subsection, let X "—t- X be an open immersion of connected smooth varieties over k 
such that X \ X =: Z = [Jl^i Zi is a simple normal crossing divisor (with each Zi 
irreducible). For 1 < z < r, let Vi be the discrete valuation of k{X) corresponding to 
the generic point of Zi, let fc(X)^,- be the completion of k{X) with respect to Vi and 
let ly. be the inertia group of k{X)y-. (Then we have homomorphisms 1^. — > 7ri(X) 
which are well-defined up to conjugate.) Let us define Rep^a(vri(X)) by 

Rep^<T(7ri(X)) := {p G Rep;^<T(7ri(X)) \ yi,p\i^. has finite image}. 

Let us also define categories consisting of isocrystals. Let Qx be the category of 
finite etale Galois (connected) coverings of X and for an object F — )• X in Qx, 
let Y be the normalization of X in k{Y), let Y be the smooth locus of Y and 
put Gy '■= Aut(y/X). Then Gy acts on Y and so we can define the categories 
Isoc([F /Gy]) (resp. F-Isoc([F /Gy]), F-Isoc([F /Gy])°) of convergent isocrys- 
tals (resp. convergent F- isocrystals, unit-root convergent F-isocrystals) on the quo- 
tient stack [Y /Gy] over K. Then we have the following: 



33 



Proposition 2.16. Let Y ^ X,Y' ^ X be objects in Gx and let f :¥' — >Y be 

a morphism in Qx ■ Then we have the canonical functors 

r : F-Isoc([r"^/Gy]) F-1soc{[W^/Gy']), 
f* : F-Isoc([F"7Gy])° ^ F-Isoc([F^"7Gy.])° 

induced by f. When X is a curve, we also have the canonical functor 

r : Isoc([r'"/Gy]) ^ Isoc([F^'7Gy']). 
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Proof. The latter assertion is obvious because we liave tlie equalities Y = Y,Y 
= Y' in one dimensional case and we have a morphism [Y'/Gy] — > [Y/Gy]- Let 
US prove the lormer asssertion. Let us put Y := / [Y ) (1 Y . ihen it 
is a Gy-stable open subscheme of Y' such that the complement Y' \ y ' 
has codimension at least 2 in y . So, for n = 0,1,2, we have the equivalence 
of categories F-Isoc(F'"' x G^,) ^ F-Isoc(F^°''° x G^,) by [Hi 3.1] and this 
implies the equivalence F-Isoc([y /Gy']) — > -F-Isoc([y ' /Gy>]) (see Example 
I2.3p . Then we can define the desired functor as the composite 

F-Isoc([F"7Gy]) — > F-Isoc([F'"'7Gy,]) ^ F-Isoc([F'"/Gy,]), 

where the first functor is induced by the morphism [Y' ' /Gy] — > [Y /Gy>] and 
the second functor is the equivalence above. We can define the functor also in the 
unit-root case in the same way. □ 

By Proposition I2.16[ we can define the limit 

lii^ F-Isoc([F'"/Gy]), lii^ F-Isoc([F"/Gy])° 

and we can define the limit ^i^y^x^g ^^'^'^i^^ / ^y]) when X is a curve. Now we 
prove the following theorem: 

Theorem 2.17. Let the notation be as above. 

(1) There exists an equivalence of categories 

(2.5) Rep|V(7ri(X)) ^ F-Isoc^(X, X)° 
which is compatible with the equivalence (12. Sp of Crew. 

(2) There exists an equivalence of categories 

(2.6) Rep|'.(7ri(X)) ^ lii^ F-Isoc([F"/Gy])° 

Y^XeGx 

and a natural restriction functor 

(2.7) lii^ F-Isoc([F'"'/Gy])^F-Isoc^(X,X) 

Y^XeGx 
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which makes the following diagram commutative: 
(2.8) 

Rep^".(7ri(X)) F-lsoc\X,Xy. 
When X is a curve, there exists also a natural restriction functor 
(2.9) lii^ Isoc([F'"/G'y])^Isoc^(X,X) 

with F-(^ = f l2Tl) . 

The equivalence (12. 6 p is the same as (10. 7p , which is a p-adic version of (10. 2 p . 

Proof. The equivalence (12. 5p is already proven in |17l 4.2]. (In one dimensional case, 
this is a result of Tsuzuki . In higher dimensional case, there is a related result 
by Kedlaya [221 2.3.7, 2.3.9].) 

Let us prove the equivalence (12. 6p . Let p : vri(X) — > GLd{K'') be an object 
in Re^%{-Ki{X)). By Hg 4.1, 4.2] or [231 2.3.7, 2.3.9], there exists an object ^ : 
Y — )■ X in such that, for any discrete valuation v of k{Y) centered on Y \ Y , 
the restriction of p to the inertia group 1^ at v is trivial. In particular, p\-k^(y) is 
unramified at any generic points of F \Y (note that Y \Y is generically smooth). 
So, by Zariski-Nagata purity, we see that p\-w^(Y) factors through tii{Y ). In this 
way, p G Rep^tr(vri(X)) C Rep^^<T(7ri(X)) = Sm/^<T(X) induces a Gy-equivariant 
object in ^mx^iY ) corresponding to p|7ri(y). 

On the other hand, let p be an object in Rep^CT(7ri(X)) such that p|7ri(y) factors 
through 7ri(l^™) for some Y — )■ X in Qx- Let x' be the image of 1^™ in X. Then 
ViS are centered on X and so we can take an extension v[ of Vi to k{Y) whose center 
X is contained in Y . Let kiY)^^ be the completion of k{Y) with respect to v[ and 
denote the valuation ring by O^,'. Then the composite 



-sm 



sm 



Spec k{Y\'^ Spec k{Y) — >Y — >Y 

factors as 

Spec k{Y)^i_ — > Spec Oyi_ — )■ Spec Cy^m ^ — y Y° 

So we see that the restriction of p|7ri(y) : T^iiY) — )• 7ri(l^™) — > GLd{K") to is 
trivial. Therefore, factors through the finite group IvJIv'^ and we see that p is 
contained in Rep^CT(7ri(X)). 

Let (jy-Smi^<T(F ) be the category of Gy-equivariant objects in the category 
Smi^<T(y ). Then we see from the argument in the previous two paragraphs that 
the above construction gives an equivalence 

(2.10) Rep^".(7ri(X)) ^ lim Gy-Sm^.(F"). 
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For m = 0, 1, 2, let be the (m+l)-fold fiber product ofY°"' over [Y /Gy]. Then 

— sni 

they form a 2-truncated simphcial scheme F, and we have the canonical equivalence 
GY-SmK<y{Y ) = SmK'^iY, ). Hence, by Crew's equivalence and Example 12.3^ we 
have the equivalence of categories 

(2.11) lii^ GY-SmK^iT"^) ^ lii^ Smi^.(Fr) 

Y-,xegx Y^xeGx 

^ F-Isoc(F^"')° 

Y^XeGx 

^ lii^ F-Isoc([F'''/G'y])°. 

Y^XeGx 

Combining this equivalence with fl2.10p . we obtain the equivalence f l2.6p . 

Next let us define the functor (12.71) . Let Y, be as above, let Y, be the 2- 
truncated simplicial scheme such that Ym {m = 0, 1, 2) is naturally the (m + l)-fold 
fiber product of Y over X and let X be the image of F*'™ in X. We would like to 
define the composite functor 

(2.12) F-Isoc([F"/Gy]) ^F-Isoc(F.") 

— > F-lsoc\Y.,Tr) 
^ F-Isoc^(X,x') 
^ F-Isoc^(X,X). 

In order that the functor is well-defined, we should prove that the third arrow in 
the above composite is an equivalence. (The fourth arrow is an equivalence by ^\ 
3.1].) Then it suffices to prove the equivalence 

(2.13) lsoc\X,X') ^ Isoct(y.,Fr). 

Note that the right hand side in (I2.13P is the category of objects in Isoc^(yo? ^o™) 
endowed with equivariant Gy-action. Then, if we denote the projection Fq™ — y X 
by TT, we have the functor 

(2.14) lsoc\Y„T") Isoc^(X,x'); £ ^ (tt,^)^^, 

where tt* is the push-out functor defined by Tsuzuki ^9]. By [49] and [2ll 2.6.8], we 
have the trace morphisms {7t^7i*£)'^^ — > £, 7r*((7r^,£^)'^^) — > £, and they are iso- 
morphic in Isoc(X) and Isoc(Y,) by etale descent. Since Isoc^(X,x') — > Isoc(X), 
Isoc^(Y,,F, ) — > Isoc(F,) are exact and faithful, they are actually isomorphic. 
Hence (12.140 is a quasi-inverse of (I2.13P and so (12.130 is an equivalence. So the 
functor (I2.12P is well-defined and it induces the functor (12. 7p . When X is a curve, 
we can define the functor (12.90 in the same way using (12.130 . (Note that we do not 
have to use [171 3.1] because X = X in the case of curves.) 



36 



To prove the commutativity of the diagram (12.81) . it suffice to check it after we 
compose with the restriction functor 

(2.15) F-Isoc^(X,X)° — > F-Isoc(X)°, 

which is known to be fully faithful ([49j). Then (l2.15p o (l2.12p ° is equal to the com- 
posite 

F-Isoc([F"/G'y])° ^ F-Isoc(F.")° 

— > F-Isoc(Y.)° ^ F-Isoc(X)°. 
Hence fl27[5|) o fl232|) ° o ([22])° is the composite 

Rep^°.(7ri(X)) ^ lii^ Gy-SmK^iT"") 

lim SmK<^ (^™) 
Y^xeGx 



G 



lii^ F-Isoc(Fr)° 

lii^ F-Isoc(y,)° ^ F-Isoc(X)°. 

Y^x&gx 



By the functoriality of (12. 4p . it is equal to the composite 
Rep|'.(7ri(X)) ^ lii^ Gy-Sm;^.(r") 

lii^ Smx- (F^"") 
— !■ lin^ Smj^<T(F,) 



G 



lii^ F-Isoc(y.)° ^ F-Isoc(X)°, 



and by definition of (12.101) . it is rewritten as the composite 

Rep|'.(7ri(X)) ^ Rep^.(7ri(X)) 
— Smi^<T(X) 

lim Smx<^(Y,) 



G 



lii^ F-Isoc(y,)° ^ F-Isoc(X)^ 



Again by the functoriality of (12. 4p and the assertion (1), it is further rewritten as 
the composite 

Rep|V(7ri(X)) ^ F-Isoct(X,X)° ^ F-Isoc(X)°. 
So we have proved the commutativity of the diagram (12. 8p and we are done. □ 
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Next let us consider 'the tame variant' of the equivalence fl2.6p . Let 7rJ(X) be the 
tame fundamental group of X (tamely ramified at the valuations Vi{l < i < r)) and 
let Rep^a(vrJ(X)) be the category of finite dimensional continuous representations 
of ttI{X) over K'^. On the other hand, let Qx be the category of finite etale Galois 
tame covering of X (tamely ramified at f « (1 < i < r)). For an object Y ^ X in 
Qx, let Y, Y , Gy be as before. Then we have the following: 

Theorem 2.18. Let the notations be as above. Then there exists an equivalence of 
categories 

(2.16) Rep^.(7r*(X)) ^ In^ F-Isoc([F"/Gy])° 
and a natural restriction functor 

(2.17) lin^ F-Isoc([F°'/Gy]) ^ F-Isoc"^(X,X) 

which makes the following diagram commutative: 

Rep^.(7r*(X)) ^ F-lsoc{[r'^/GY]r 



(2.18) n {Tm ° 

Rep^°.(7ri(X)) F-lsoc\X,Xy. 
When X is a curve, we have also a natural restriction functor 

(2.19) Ih^ Isoc([F'7G'y]) ^Isoc^(X,X) 

with F-(^M) = fl2Tri) . 

The equivalence fl2.16p is the same as (10.81) . which is a tame p-adic version of 
(10. 2 p . Before the proof of Theorem 12. 18^ we prove a lemma. 

Lemma 2.19. Let X X , Vi {1 < i < r) be as above and let us take p e 
Rep^'<T(7r*(X)). Let v be a discrete valuation on k{X) centered on X, let k{X)^ 
be the completion of k{X) with respect to v and let ly be the inertia group of k{X)y. 
Then |Im(p|/^)| is finite and prime to p. {In particular, we have the inclusion 
Rep^.(7r*(X)")CRep|^.(7ri(X)).) 

Proof. Let us take a suitable 0^-lattice vr*(X) — )■ GLd{0'^) of p. First we prove 
the lemma in the case where v = Vi for some i. In this case, p\i^ factors through 
the tame quotient /* by definition. Note that J* is a pro-prime-to-p group and 
that N := KeT{GLd{0]^) — > GLd{0]^/2pO]^)) is a pro-p group. So the image 
of p\i^ : ly — > /* — > GLdiP"^) is isomorphic to the image of the composite 
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/„ — > li — > GLdiO]^) GLdiO'^)/N. So \lm{p\jj\ is finite. Then, since 
/* is a pro-prime-to-p group, we see also that |Im(p|7-^)| is prime to p. So we are 
done in this case. Note also that, since we have the isomorphism /* = Yli^p'^i 
Ker(/^ — /*) is a pro-p-group, p\i^ factors through I^/J for any J <1 Iv such that 
\Iv/J\ is prime to p and divisible by |Im(p|/^)|. 

Next we prove the lemma for general v. Let x be the center of v and take 
an open neighborhood ?7 C X of x such that U admits a smooth morphism / : 
TJ — ^ = Spec k[ti, ...,tr] with f-\{ti = 0}) = U f] Zi {1 < i < r). Let us put 
U := U n X = /"""^(GJ^^). Let us take a positive integer n prime to p which is 
divisible by all the |Im(p|/^ )|'s for 1 < i < r (there exists such n by the lemma 

for Wi's). Let n : — A^ be the n-th power map and put U' := U x^r „ A^, 
U' := U XAi,n A^. Let us denote the inverse image of the i-th coodinate hyperplane 

by the projection u' = U XA^,n — ^ (1 ^ ^ Then we have 

U \U'=: Z' = U[^^Z>nd it is a simple normal crossing divisor. For i with Z- ^ 0, 
let f j' be the discrete valuation on k{U') corresponding to the generic point of Z'^, let 
k{U')y' be the completion of k{U') with respect to v'^ and let be the inertia group 
of k{U')^i.. Then, by definition, v'^ is an extension of Vi and we have |Jt,.//„^| = n. So, 
by the argument in the previous paragraph, p\i^_ factors through I^./I^'. So p\i , is 

trivial and hence p|^^(f//) factors through 7ii{U ). Now let v' be an extension of the 

valuation v to k{U') centered on u' and let x' G u' be the center of v'. Let k{U')yi 
be the completion of k{U') with respect to v' and denote the valuation ring by O^'. 
Then the composite 

Spec fc(f/')^,' — ^ Specfc(f/') — > U' — >u' 

factors as 

Spec /c(t/')t,/ — )■ Spec Of,/ — )■ Spec (9^/^, — > U . 

So we see that the restriction of p\-k^{u') '■ — ^ — ^ GLd{0'^) to La' is 
trivial. Hence p|/„ factors through Iv/h'- Since divides [k{U') : k{U)] = rf , 

we can conclude that |Im(p|/^)| is finite and prime to p. So we are done. □ 

Now we prove Theorem 12.181 using the above lemma. 

Proof of Theore'm \2.18\ . First let us prove the equivalence fl2.16p . Let p be an object 
in Rep^<T(7r* (X)) and take a suitable 0^-lattice vr^(X) — > GL^iO'^) of p. Let 
Y — y X be a finite etale Galois tame covering of X (tamely ramified along fj's) 
which corresponds to the subgroup Ker(7r|;(X) A GLd{0]^) GLd{0'^/2pO'^)). 
Let V be any discrete valuation of k{Y) centered on Y. Then v\k(x) is a discrete 
valuation of k{X) centered on X. So, by Lemma [2.19[ |Im(p|/ )| is finite and 

prime to p. Hence so is |Im(p|/^)|. On the other hand, Im(p|/^) is contained in 
Ker(GLrf(0^) -» GLd{0'^/2pO'^)), which is a pro-p group. Hence p|/^ is trivial. 
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By using this fact, we see in the same way as the proof of Theorem 12. 171 that p\ni{Y) 
factors through 7ri(l^™) and so induces a Gy-equivariant object of SmK-^iY^^). 

On the other hand, let p be an object in Repi^<T(7ri(X)) such that p|7ri(y) factors 
through 7Ti(Y^^) for some Y ^ X in Then we see in the same way as the proof 
of Theorem 12.171 that, for an extension v^ of Vi to k{Y) {1 < i < r) centered on 
Y , p\i , is trivial. Then p\j^_ factors through I^J h'. and this is a quotient of the 

tame inertia quotient /* of /„. because Y — )■ X is in Hence p factors through 
Ti\{X). So we have an equivalence 

(2.20) Repi?.(7r*(X)) ^ lim G'y-Smi^.(F"). 

(Here Gy-Sm^i^a (y*^™) is as in the proof of Theorem 12.171 ) Combining this with the 
equivalence 

lil^ Gy-Smi^.(F"') lii^ F-Isoc([F°'/Gy])° 

which is defined in the same way as (12. lip , we obtain the equivalence (I2.16p . 

The functor (I2.17P is defined as the composite of the canonical 'inclusion func- 
tor' lii^^^^^^^F-Isoc([r°^/G'y]) lii^^_^^^^^F-Isoc([r"/Gy]) and the func- 

tor (12. 7p . By construction, we have the commutative diagram 

Rep(vrUX)) ™> Hm^^^^^^ F-Isoc([r'"/Gy])° 

incl. 

Rep«"(vri(X)) liH^y^^,,^ i^-Isoc([r"^/Gy])° 

(where incl. denotes the 'inclusion functor'). By combining this with (12.70 . we obtain 
the commutative diagram (I2.18p . When X is a curve, we define the functor (I2.19p 
as the composite of the canonical 'inclusion functor' lin^^^ -.xcG*' ■'■^^'^([^ I^y]) — > 
liiSiy^xee I ^y]) and the functor (12. 9p . Then it is easy to see the equality 



F-f l219|) = f l2Tri) . So we are done. □ 



2.3 Stack of roots 

In this subsection, we recall the notion of stack of roots, which is treated in [5], [3], 
[1], [H]. We also define the canonical log structure on it and we also introduce a 
'bisimplicial resolution' of it which we use later. 

For r e N, let [A^/G^fc] the stack over k which is the quotient of by 
the canonical action of G^^. It is known [34i 5.13] that it classifies pairs (M, 7), 
where M is a fine log structure and 7 : N'' — > M := M/O^ is a homomorphism 
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of monoid sheaves which hfts to a chart etale locally. By [34* 5.14, 5.15], there 
exists the canonical fine log structure Mja^/gj^^] on [A^/G^ ,,] endowed with N*" — > 

M[A^/(Gr^ ^](:= M[Ar/jjr^ ^j/Oj^r/jjr ]) sucfi that the above (M, 7) is realized as the 
pull-back of M[^rj^r^ 

Now let X X be an open immersion of smooth varieties over k such that 
X\X =: Z = [Jl^i Zi is a simple normal crossing divisor (each Zi being irreducible). 
Denote the fine log structure on X associated to Z by iWy Then we have the 
morphism X — > [AJI/G^^] defined by (M^, 7), where 7 is the homomorphism of 
monoid sheaves 

r 

1=1 

(where N^. is the direct image to X of the constant sheaf on Z^ with fiber N) induced 
by the maps N — > Nz^ (1 < < which are adjoint to the identity. For n E N 
prime to p, let n : [^k/^'rn,k] — ^ [^fc/^m,fc] the morphism induced by the n-th 
power map. Then we define 

(X,ZY/-:=Xx[j,y^r^j,^ [AI/G:^^,] 

and call it the stack of (n-th) roots of (X, Z). (Note that we always assume that n 
is prime to p in this paper.) 

It has the following local description ([3], see also [TB^, complement 1]): As- 
sume X = Spec-R is affine and assume that each Zi{l < i < r) is equal to the zero 
locus of some element tj G R. Let us put R' := R[si, Sr]/{s^ — ti,...,s^ — tr), 
X := Speci?', let Z'- (1 < i < r) be the divisor of X defined by Si and let M^' be 
the log structure associated to the simple normal crossing divisor IJ^^^ Z'^. Then we 
have the diagram 

(2.21) n n 

= Nz^ 

(where 7's are defined in the same way as before and n denotes the multiplication- 
by-ra maps) and it induces the morphism 

(2.22) X' — ^ (X,Z)i/". 

Moreover, x' admits the canonical action of /i]^(:= the product of r copies of the 
group scheme of n-th roots of unity) defined as the action on Sj's. Since the lower 
horizontal line of f l2.2ip is invariant by the action of n^, we see that the morphism 
f l2.22p is stable under the action of //^ and induces the morphism 

(2.23) [X7^;]^(X,Z)V" 
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which is known to be an isomorphism ([3], So, if we define {m = 0, 1,2) 
as the (m + l)-fold fiber product _of x' over \x' / ^i^] = {X.Zfl"^, X forms a 2- 
truncated simphcial scheme over (X, Z)^/" and we have the equivalences 

(2.24) Isoc((X, Z)^/") A Isoc(Xl), F-Isoc((X, Z)^/") A F-Isoc(x'.), 

F-Isoc((X, Z)i/")° 4 F-Isoc(xl)°. 

We need a globahzed version of (the log version of) the equivalences (12.241) . To 
describe it, we introduce several new notions. 

Let X"^X,X\X=:Z = |Ji=i as above and fix a positive integer n 

prime to p. In this subsection, a chart for (X, Z) is defined to be a pair (F, {ti\\^^ 
consisting of an affine scheme Y endowed with a surjective etale morphism Y — )■ X 
and sections ti € r(y, Oy) (1 < « < t) with Y Zj = {tj = 0}. (This notion of a 
chart is not so different from that of a chart of M^O ^ variant of it, we define the 
notion of a multichart for (X, Z) to be a triple (F, J, {ijj}i<j<r,jej) consisting of an 
affine scheme Y endowed with a surjective etale morphism Y — > X, a non-empty 
finite set J and sections tjj G r(y, (9y) (1 < i < r, j G J) with Y = {^ij = 0} 

for any j G J. A morphism (y, J, {tjj}) — f {Y\ J' , {t[j}) of multicharts for (X, Z) 
is defined to be a pair (yj, yj") consisting of : F — )■ Y and : J' — )■ J with 

V0)(l<^<r,jG J')- 
Now let us take a multichart (F, J, {tjj}) and put Y =: Speci?. Let us denote 
Mj^Iy simply by My. For j G J, let us put 

i?; := i?h,]i<,<,/(4 - t,,), F; := Speci?;. 

Let My' be the log structure on Y, associated to the homomorphism a' : N** — i- 

R'j^Ci H-T- Sij. Let ipj : (Fj-,My/ ) — > (F, My) be the morphism associated to the 
diagram 

R'^ i R 

where the upper horizontal arrow is the natural inclusion, a° : N*" — )■ R is the map 
sending to tij and n : W — > W is the multiplication by n. Then (fj is a finite 
Kummer log etale morphism. We have the natural action of /i^ (action on Sjj's) on 
(y'-,My/) such that is yU^-stable. 

J Y j 

Now let (Fo,MyJ be the fiber product of (F^-,My/ )'s (j G J) over (F, My ) in 

the category of fs log schemes and for m = 0, 1, 2, let (Ym, My^) be the (m + l)-fold 
fiber product of (Yq, My^) over {Y, My) in the category of fs log schemes. If we put 

c := I J|, {Ym, My^) admits a natural sction of Then we have the following 

properties: 
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Proposition 2.20. Let the notations be as above. Then: 

(1) There exists an isomorphism Ym — x f^^"^ such that the morphism Yq x 
^rc» ^ — y [Yo/fi"!^] is the 2-truncated etale Cech hypercovering associated 
to the quotient map Yq — > [Yq/h'!^]. 

(2) There exists an isomorphism 

(2.25) [Fo//i;i^Fxy(X,Z)V" 
such that the log structure associated to the composite 



TT any proj. ttj 
J m 7- 1 



[Yo/ti':]^Yx^{X,ZY/- 



Via 



5.13] is equal to My 



Proof. In this proof, we put J := {1, 2, c}. Let us put Uij := tijt^^ G (1 < i < 
r, j G J) and put 

Ro := R[sa (1 < « < r), ^ (1 < z < r, 2 < j < c)] 

/(^ri - t^i (1 < ^ < r), 4" - M,, (1 < « < r, 2 < J < c)). 



Let us define the log structure A^o on Spec-Ro as the one associated to the homo- 
morphism ai : N*" — )■ Rq; Ci (-)■ Sn. Note that, since s^^'s are invertible, Nq is 
associated also to the homo morphism aj : N*" — )■ Rq] Ci ^ii^ij for 2 < j < c. Let 
ip : (Spec i?o, A^o) — > {y, My) be the morphism associated to the diagram 



Ru <- 



R 



where the upper horizontal arrow is the natural inclusion, and let ipj • (Spec Rq, Nq 
— > {Y',,My/) be the morphism associated to the diagram 



Rn <- 



where the upper horizontal arrow is the homomorphism over R with Sn i— )■ Sgi when 
j = 1, Sij I— i- Siis'ij when 2 < j < a. Then we have ipj o ip'j = ip for all j G J. So ip'/s 
induce the morphism ipQ : (Speci?o;^o) — ^ O^OyMy^) over (y,My). 
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Let us prove that ijjQ is an isomorphism. To do so, we can work etale locally on 
Y and so we may assume that R contains u]j^ ior 1 < i < r,2 < j < c. Also, we 



, l/n 

put 



1. In this situation, ipj is associated also to the diagram 

- R 



R'3 <- 



W <- 



where a'j is the homomorphism N'' — > i?' 
push-out of homomorphisms of monoids 



'J' 



y, no(j-th incl.) 



® N' 

l<j<c 



l<i<r 
l<j<c 



Let us define Q to be the 

1 < i < c) 



and let Q^'^^ be the saturation of Q. Then we have the isomorphism 
(2.26) © ( Z/nZ) ^ 



-isat 



l<i<r 
2<j<c 



characterized by (ei,0) i-)- ea, (e^, — ejj) i->- e^-. Let a" : Z[Q] — > (8)j=i be the 
homomorphism induced by q;^"s. Then we can calculate r(yo, ^Yq) equalities 



isatl 



"isatl 



— (-R[Sij]i<i<r-,l<j<c/ i-'^ij — tij)) ®a",Z[Q] Z[(5'^ 
-{R[Sij]l<i<rA<j<c/{{Siju]jy - ta)) ^a",ZlQ] ^[Q"'] 

= R[{sii}i<i<r, {Sij}i<i<r,2<j<c]/{sa - ta, {s'ljY - 1) (^ = Sii{siju]('^)-^) 
= i?[{sii}i<i<r., {4}i<i<n2<j<c]/(sri - ^a, (4)" - ""ijO (4 = %^"4) 

which is equal to the ring homomorphism induced by ipQ. Moreover, it is easy to see 
that i^qMy^i being equal to the log structure associated to Q^^^ — )■ Rq induced by 
the above diagram, is equal to the log structure associated to N'' ^ Q^^^ — > Rq, 
that is, the log structure Nq. So ipQ is an isomorphism. Note also that we have 
the natural action of yuj^^ x f/a ^ (action on s-a's and s-^'s) on (Spec i?oi ^o)- Then, 
by definition, we can see that the isomorphism ipQ is equi variant with the group 
isomomorphism 
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defined by (C, 1) ^ (C,-,C) (C e /i^), (l,r^) (v e /i^^^-'^). 

Let us put Zo,i '?/'o({'5ii = 0}) C Yq. Then we see from the isomorphism 
ipo that the log structure My^ is associated to [JI=i ^o,i- Then the commutative 
diagram 



(2.27) 



y 



5^0 



e:=i% 



•^0,1 



induces the morphism Yq — > Y Xj^(X, Z)^/", and since the lower horizontal line of 
f l2.27p is invariant under the action of /ij^"^, this diagram further induces the morphism 
[Yo/jJ'n^] — > Y (X, Z)^/", which is the definition of the morphism fl2.25p . 

Let us prove that this is an isomorphism. If we start the constuction of f l2.25p 
from the multichart (F, {1}, {tn}) instead of {Y , J, {tjj}), we obtain the morphism 



(2.28) 



r x^(x,z) 



l/n 



and this is an isomorphism because the construction of it is the same as that of 
the isomorphism (12. 23 p . Moreover, the morphism of multichart l : (1^, J, {tij}) — > 
(y, {1}, {til}) defined by the identity Y ^> Y and the inclusion {1} ^ J induces 
the factorization 



^Fxx(X, Z)i/" 



of (I2.25p . where l' is the map induced by t. So it suffices to prove that l' above is an 
isomorphism, and one can see it because l' is factorized to the following sequence of 
isomorphisms: 



[Yo/^^. 



.[Speci?o/(/x:;x <(-!))] 
^[Spec R[/fil] XspecR [{Spec R[s'ij]i<i<r,2<j<c/ {s'i/ 

'^[SpecR[/^,:] = [Y[/^,:]. 

So we have shown that (I2.25P is an isomorphism. 

Next we prove the assertion (1). For m = 1,2, we put 



Uij)l<i<r,2<j<c 



r(c-l)] 



Rr, 



ij7jl<«<f,l<i<c,l</<i 



II n 
ijl 



and let Nm be the log structure on Spec-R^ associated to the homomorphism 



Rn 



Rm- Let TTo : (Speci?i,A^i 



(Speci?05^o) be the morphism over 



(F, My) defined by the natural inclusion Rq — )■ Ri, and let tti : (Spec A?"!) 
(Spec i?o, -^o) be the morphism over (F, My) defined by 



Rq 
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Let ttqi : {Spec R2, N2) — > {Spec Ri, Ni) over (F,My) defined by the natural in- 
clusion Ri R2, and let 7ro2 (resp. 1112) be the morphism (Spec i?2, ^^2) — > 
(Speci?i,iVi) over (F, ) defined by 

-Rl -R2; Sii I—)- Sii, s[j s[j, s'lji H-T- s"jiS'-j2- 

(resp. Rl — > R2; sa ^ Sa<n,4 ^ 44i'4i '"^ 42-) 

Then we have ttq o ttqi = ttq o 7ro2(=: tx^g), ttq o 7ri2 = tti o 7roi(=: cui), tti o 7102 = 
m o 7ri2(=: TU2). 

Let us prove that (Spec Rm, Nm) is the (m + l)-fold fiber product of (Spec i?o, Nq) 
over (F, My) for m = 1, 2. Let us put Qi := M'■©„,N^nN^ Q2 := N'■©„,N,nN"©n,N^n 

and denote by Q^{^^,Q^2^ their saturation. Then we have the isomorphism N*" © 
{'L/n'Ly — )■ Qi*^* as a special case of fl2.26p and the isomorphism 

Qf = {W ©„,N^n QTT' = (N^ ©r^,N^n © (Z/nZ)'')^'^* 

= © (Z/nZ)^ = © (Z/nZ)'' © {z/nzy. 

Let ail : Z[Qi] — )■ Rq^^iRq, ai2 : Z[(52] — ^ Rq^rRo'^rRq be the homomorphism 
induced by ai. Then we can calculate the ring of global sections of the 2- fold fiber 
product (Spec i?o, iVo) over (F, My) as follows: 



"isatl 



{Ro ®R Ro) z[g^i 

iRWijlh<i<r,l<j<c/ {{SijiT - tij) ©Qii,Z[Qi] Z[Q^' 

{R[s':nh<^<r^<J<c/{{s':,^r - 1) (4l = 4l^^ 

i?l. 



satl 



Moreover, it is easy to see that the log structure on the 2-fold fiber product of 
(Spec i?o, Ai'o) over (y,My), being equal to the log structure associated to Q^* — ^ 
-Rl induced by the above diagram, is equal to the log structure associated to N'' '-i- 
Qsat — s, j^^^ ^YiQ^^ is^ the log structure A''i. So (Spec i?i, A^i) is the desired 2-fold 
fiber product. Similarly, we can calculate the ring of global sections of the 3- fold 
fiber product (Speci^o^^o) over ("K , My) as follows: 



satl 



{Ro ©_R -Ro ®R -Ro) ®Qi2,Z[Q2] ^[^2 
= {RWijl]l<i<r,l<j<c,l=l,2/{{Sijiy - Uj) ©an,Z[Q2] '^[QT] 

= {RWijl]l<i<r,l<j<c,l=l,2/{{Sijiy - 1) {s'lji = s'-jiS^j^, s'-j2 = Sij2Siji ^) 
= i?2. 

Moreover, it is easy to see that the log structure on the 3-fold fiber product of 
(Speci^o; ^0) over {Y, My), being equal to the log structure associated to Ql^* — > 
R2 induced by the above diagram, is equal to the log structure associated to N'' 
Qsat — y j^^^ ^Yig^^ is, the log structure N2. So (Spec i?i, iV2) is the desired 3-fold 
fiber product. Hence, by using ip^^ o ttq and ipQ^ o vri, we can define the isomorphism 



46 



■ipi : (Spec Ri, Ni) ^> (Fi,MyJ over (F,My), and by using i/jq-^ o zuo,^Pq'^ o 
and ipQ'^ o ci72, we can define the isomorphism ip2 : (Spec Ri, Ni) — > (Yi^My^) 
over (y,My). We can also check from the above concrete descriptions that, by the 
identification via ipm^s, the morphisms tt, [i = 0, 1), iTij (0 < z < j < 2) correspond to 
the projections between {Ym, My^Ys. Recall that (Spec-Ro)^o) admits the action 
of fi"^ X = fi^ (the action on s^i's and s^^'s). By the above definition of Ri and 

i?2, we see the isomorphisms Speci^^ — Speci?o x A^n"^"*) and via this isomorphisms, 
the morphisms vTj {i = 0, 1), vTjj (0 < i < j < 2) are described by 

TToi : (l/,^?,C) (Z/,^), 7ro2 : (l/,r/,C) ^ {y,vO, ^12 ■ {y,vX) ^ (l/'',C), 

where y G SpecRo,ri,( G A'-n'^ and the action of r] is denoted by y 1— i- y^. By this 
description, we see that the diagram Speci?, — > [Spec Rq/ fi^] is the 2-truncated 
etale Cech hypercovering associated to the quotient map Speci?o — ^ [^P^c Rq/ ^'^]. 
Using the identification by ipm^s, we conclude that the diagram Y, — > [Yo/fi^] is 
the 2-truncated etale Cech hypercovering associated to the quotient map Yq — y 
[Yo/fj,^], that is, we have shown the assertion (1). 

Finally we prove that the morphism fl2.25p satisfies the assertion in (2). For 
m = 0, this follows from the definition of the morphism fl2.25p (see the diagram 
fl2.27p ). For m = 1, 2, this follows from the fact that the projections {Y^, ^f„) — ^ 
(Yq, Myg) are strict (which follows from the same assertion for TTj's and vTjj's which 
can be seen easily) and the assertion in the case m = 0. So we are done. □ 

In view of Proposition 12.201 we make the following definition. 

Definition 2.21. Let {X,Z), n and (Y,J,{tij}) be as above. Then we call the 2- 
trucated simplicial log scheme (y,,My^) contructed above a simplicial resolution of 
Y {^X , Z^^^ associated to the multichart {Y , J, {tjj})- 

Using this, we define the notion of a bisimplicial resolution as follows: 

Definition 2.22. Let {X,Z) and n be as above and let (Xq, be a chart for 

(X,Z). Then: 

(1) We define the 2-truncated simplicial multichart {X,, J,, {t[*^}) associated to 
[Xq, {ti}l^i) as follows: For m = 0,1,2, let X^ be the {m + l)-fold fiber 
product of Xq over X , and let us define Jm '■= {0, ...,m}. If we denote the 
projections X^ — > Xq by iTaiO < a < m), t^f^ is defined to be irKti). We call 
the 2-truncated simplicial log scheme {X,, Mj^J := (X,, M-^lx.) the simplicial 
semi-resolution of {X , Z)^^"" associated to the chart (Xq, 

(2) Keep the notation of (1). For m = 0,1,2, we have the simplicial resolution 
{Xm», ^Xm.) of XmXjci-^ > Zy^^ associated to the multichart (X^, Jm, {tiP^}), 
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and by functoriality, they form a (2, 2)-truncated bisimplicial log scheme (X,,, 
^x,,)- ca// it the bisimplicial resolution of (X,Zy^"' associated to the 
chart (Xo, 

Let the notation be as in Defintion 12.221 Then, by Proposition I2.20[ we have 
2-truncated etale Cech hyper coverings X^. — > Xm (X,Z)i/" for m = 0,1,2 
and so we have the diagram 

(2.29) X.. ^ X. (X, (X, Zy/^, 

where the first and the second morphisms are both 2-truncated etale Cech hyper- 
coverings. So we have equivalences 

(2.30) Isoc((X, Z)^/") ^ Isoc(X. (X, Z)^/") ^ Isoc(X,.). 

We also have equivalences 

(2.31) F-Isoc((X, Z)^/") ^ F-Isoc(X. x^ (X, Z)^/") ^ F-Isoc(X..), 

(2.32) F-Isoc((X, Z)^/")° ^ F-Isoc(X. x^ (X, Z)^/")° ^ F-Isoc(X„)°. 

We also have the log version: Note that we have the fine log stucture Mg^^^y/n on 

(X,Z)i/" defined by the projection (X,Z)i/" — > [K/K,,k] via [34, 5.13]. Then, 
by Proposition 12.20( 2). we can endow the diagram fl2.29p with log structures and 
form the diagram 

(2.33) (X.., M^.J X. x^ ((X, Z)i/", M(^,^)v.) ^ ((X, Z)'/-, M^^^^,.), 

where the first and the second morphisms are both 2-truncated strict etale Cech 
hypercoverings. So we have equivalences 

(2.34) Isoc^°s((X, Z)^/", M(^^^)i/„) ^ Isoc'°s(X. x^ (X, Zf'"') 

^Isoc'°s(X.., i%.J, 

(2.35) F-Isoc^°s((X, Z)^/", M(x,z)i/") ^ F-Isoc^°s(X. x^ (X, Zf'') 

F-Isoc^°s(X,.,My..). 

We also have the log version with condition on exponents: Note that, for any 1 < 
^ < r, the morphism 

induces a fine log structure on (X, Z)-*^/" which we denote by zy/^.i- 
notation of Proposition 12.201 and its proof, the pull-back of Mp^^zy/^ and M^^^^^-ji/n^^ 
by the morphism 

Fo ^ ^/^f:] ^ F x^ (X, z)i/" (X, z)V- 
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is associated to the simple normal crossing divisor |J[^^ ^o,i and its subdivisor Z^^i, 
respectively (see the diagram fl2.27p ). So the log structure M(Y^^y/„ satisfies the con- 
dition (*) in Section 2.1 and {M^x zy/n^iYi^i is a decomposition of M^j^^^^i/™, which 
also induces the decomposition {MY,x-j^(x,z)i/",i}« of ^x.x^(x,z)i/" '■= ^(x,z)^/^ 
lx.x^(x,z)i/" and the decomposition {iWx^^^^jj of M^,,- Hence we have the equiva- 
lence 

(2.36) Isoc'°^((X, M(Xz)i/n)E(-ss) 

^ IS0C'°S(X. x^(X,Z)V«,M^.,^(^_^)Vn)E(-ss) 

^ Isoc'°s(X..,M^.Js(-ss) 

for S = ni=i C Z;, by Corollary EISl 

Finally, we explain the functoriality of the categories of isocrystals on the stack 
of roots (X, Z)^/" with respect to n. By definition, we have the morphism 

(2.37) (X, Z)i/"' = X X K/G'„, j,n' IK/Gl,^,] 

'"^-^"^ ^ X[A./^;^^^],„ [Al/G'^^,] = (X, Zf- 

for n, n' with n | n', where (n'/n) denotes the (n'/n)-th power map. Using the 
morphisms f l2.37p for all n, n' with n \ n', we can form the limit 

lim Isoc((X,Z)i/"), lii^ F-Isoc((X,Z)^/"), lii^ F-Isoc((X, Z)^/")". 

(n,p)=l (n,p)=l {n,p)=l 

We also have the log version: For a positive integer a, the a-th power morphism 
[A^/GJ!„ ^] — )■ [A^/GJ^ ^] naturally induces the morphism of fine log algebraic stacks 
([A^/<J,M[a^/g;,,j)'-^ ([A'^/G;;,^,],M[a./^,^_^]) by P, pp.780 - 781] and so the 
morphism fl2.37p is enriched to a morphism of fine log algebraic stacks 

(2.38) ((X,Z)V"',M(^^^)V.') ^ ((X,Z)i/",M(^_^)V.). 
So we have also the limit 

hi^ Isoc'°s((X,Z)V",M(^^^)Vn), lii^ F-Isoci°^((X,Z)i/",M(^^^),/.). 

(n,p)=l (n,p)=l 

We also have the log version with exponent condition: Let us take S := 111=1 ^« — 
Tip. Fix for the moment two positive integers n, n' with n\n' . Let us fix a mul- 
tichart (F, J, {tjj}) with J = {1} and construct {Yq.My^) — {Spec Rq, Nq), Sn G 
Rq, Zo i = {sii = 0} (1 < 2 < r) as in the proof of Proposition 12.201 for n and n': 

We denote (Fo,MyJ = (Spec i?o, A^o), s.i, for n (resp. n') by (F;,"\M-(„,) = 

(Spec<),x('^)),4"\<.^ (resp. (F^-'^M^^^,) = (Spec ^i?)- 
Then we can define the log etale morphism 







(2.39) (Fi"'\ M_(„o) ^ (V'i"^ M-(„,) 
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fitting into the diagram 





by s il ^ Sj^i . Then, by Proposition ll.22[ the upper horizontal arrow induces 
the functor 

Isoc^°s(yW^M-(„,)„2(-ss) Isoc1°s(F^"'\M-(„,)„,s(-ss), 

where the categories are defined with respect to the decomposition {Z^^^ji of IJ- Zq"-* 

and the decomposition {Zq"^}^ of [j-Zly^ K From this, we see the existence of the 
canonical functor 

IS0C1°^((X, M(^^^)Vn)nE(-ss) ^ IS0C'°S((X, Z)^/"', M(X_^)Vn' )n'E(-ss), 

and this functor for all n, n' with n | n' induces the limit 

lil^ IS0C1°S((X, M(X_^)Vn)nE(-ss). 
(n,p)=l 

2.4 Second stacky equivalence 

In this subsection, we prove the equivalence (10.91) and related equivalences. In this 
subsection, let X X be an open immersion of connected smooth varieties over 
k with X \ X =: Z = IJi=i ^ simple normal crossing divisor (each Zi being 
irreducible). Let Vi {1 < i < r) be the discrete valuation k{X) corresponding to the 
generic point of Zi. 

First we define a functor relating the right hand sides of (10. 8 p and (10. 9p in a 
slightly generalized form. 

Proposition 2.23. Let {X,X),Z be as above. Let Qj^ be the category of finite etale 
Galois tame covering [tamely ramified at Vi [1 < i < r)) and for Y ^ X in Qx, let 
Gy '■= Aut(y/X) and let Y be the smooth locus of the normalization Y of X in 
k(Y). Then we have the canonical functors 

(2.40) lii^ F-Isoc([F'7G'y]) ^ lii^ F-Isoc((X, Z)^/") 

Y^X<=gj^ {n,p)=l 

(2.41) lii^ Isoc((X,Z)i/") — ^Isoc^(X,X) 

(n,p)=l 
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which make the following diagram commutative: 



(2-^2) (121711 F- i2Al\i 

F-lsoc\X,X) F-Isoc^(X,X). 

When X is a curve, we have also the functor 



(2.43) lii^ Isoc([r /Gy]) — y lin^ Isoc((X, Z) 

Y^X€g<^ {n,p)=l 



with F- fl2.43p = fl2.40p which makes the following diagram commutative: 



(2.44) 



W(x,x) W(x,x). 

Proof. First let us take an object Y — y X in and construct a functor 

(2.45) F-Isoc([F"/Gy]) ^ F-Isoc((X, Zf'"") 

for some n. Let M^, My be the log structure on X, y defined hy Z,Y \ Y, respec- 
tively. Then, by [13, 4.7(c), 7.6], the morphism Y — y X naturally induces a finite 
Kummer log etale morphism / : {Y, My) — y {X, M-y) of fs log schemes. 

In this proof, we follow the convention that fiber products of fs log schemes are 
always taken in the category of fs log schemes. For m = 0, 1, 2, let (Ym, My ) be the 
(m + l)-fold fiber product of (F, My ) over (X,My). Then we have (F^,My^) = 
(Y, My) X Gy (one can see it by using [131 7.6] and noting the isomorphism YxxY = 
Y X G) and so we have the equivalence 

(2.46) Isoc([F"/Gy]) = Isoc(Fr), 



where Y^ is the smooth locus of Ym and F, is the 2-truncated simplicial scheme 

Sin sin sm 

formed by Y^ (m = 0, 1, 2). (Note that here is isomorphic to in the proof 
of Theorem 12.171 ) 

By |l3l 2.2, 2.6], / is of n-Kummer type for some n E N which is prime to 
p in the terminology of |13]. Fix one such n. Take a chart (Xq, {ti}i<i<r) for 
(X, Z) in the sense of Section 2.3, and let (X,, Mj^ J, (X„, M^,,) be the simplicial 
semi-resolution, the bisimphcial resolution of (X, Z)^/" associated to (Xq, {ti}i<i<r) 
respectively (see Definition 12. 22p . Then we have the equivalence of categories fl2.3ip . 
Let X be the image of Y'^^ in X and let us put (X^^, M-y' ) := X x ^(Xjm, My ). 

For k,l,m e {0,1,2}, let us put (Uki^,Mjj^J := (T,^,MyJy^^^) Xp^'^^-,) (^'im, 
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(F^™, My^ly^m) be the projections. Then, since / is of n-Kummer type, goim is a 
strict finite etale Galois morphism with Galois group Gy by [13], 2.5] and so g,im 
is a 2-truncated strict etale Cech hypercovering. Let U,„ be the (2, 2, 2)-truncated 
trisimplicial scheme formed by Ukim^- Then, by etale descent and [m 3.1], we have 
the equivalences 

(2.47) Isoc(X.) ^ Isoc(f7„.), 

(2.48) F-Isoc(X..) ^ F-Isoc(X„). 

Now we define the functor ( 12.45^ as the composite 

(2.49) F-Isoc([F"7Gy]) F-Isoc(Fr) 

^ F-Isoc(F„.) 
'-^'^ F-Isoc(X:.) 



F-Isoc(X..) 

F-Isoc((X, Z)^/") 



Then we see that this functor induces the desired functor fl2.40p . When X is a curve, 
we can define the functor ( 12.43^ with F-( ]2.43p = ( ]2.40p in the same way as above: 
The only problem without Frobenius structure is that we do not know the analogue 
of the equivalence f l2.48p in general, but this does not cause any problem when X is 
a curve because we have X = X in this case. 

Next we would like to define the functor fl2.4ip as the one induced by the com- 
posite 

(2.50) Isoc((X, Z)i/") ^ Isoc(X..) 

^Isoct(X..,X„) (X.. :=XxyX..) 
^ Isoc^(X.,X.) (X. := X x^X.) 

^ W(X,X). 

In order that the functor is well-defined, we should prove that the third arrow in the 
above composite is an equivalence. (It is rather easy to see that the fourth arrow 
is an equivalence because X, — > X is a 2-truncated etale Cech hypercovering. See 
[I6| 5.1] for example.) This can be shown in the following way. (The proof here is 
analogous to the proof of (12.130 in the proof of Theorem 12.171 ) We may enlarge k 
in order that k contains a primitive ra-th root of unity and it suffices to prove the 
equivalence of the restriction functor 

(2.51) \soc\Xi,Xi)-^\soc\Xi„Xi,). 
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In this case, we have Xi^ = Xiq x by Proposition l^20\f (l). So the 

right hand side is the category of objects in Isoc^(X;o, Xiq) endowed with equivariant 
/i„(fc)''('"''^)-action. Then, if we denote the projection Xiq — > Xi by vr, we have the 
functor 



(2.52) Isoc^(X,.,X,.) ^ hoc\Xi,Xi)- £ ^ (7r,^)^"W'+'\ 

where vr,, is the push-out functor defined by Tsuzuki [49j. By [19] and [211 2.6.8], 
we have the trace morphisms (7r*7r*£^)^"('')'^''^^^ — )■ £, 7r*((7r*£)''"('')''^''^^^) — )■ 8, and 
they are isomorphic in Isoc(X;), Isoc(X;,) by etale descent. Since Isoc^(Xi,Xi) — y 
Isoc(X/), Isoc^(X;,, X;,) — )■ Isoc(X;,) are exact and faithful, they are actually iso- 
morphic. Hence (12.521) is a quasi-inverse of (I2.5ip and so (I2.5ip is an equivalence. 
So the functor (12.411) is defined. 

We prove the commutativity of the diagram (I2.42p . By definition, (12.170 is 
defined as the composite 

(2.53) F-Isoc([F"/G'y]) F-Isoc(Fr) 

^ F-Isoct(X,x') F-Isoct(X,X). 
Noting the commutative square of equivalences 

F-Isoc^(X,X) > F-Isoc'^(X„,X„) 



F-Isoc^(X,X') > F-Isoct(X„,X'„) 

and the functoriality of restriction functors, we see that the third line in the diagram 
(I2.53P is rewritten as follows: 

F-\soc\Y.Xr) ^ F-Isoct(t/...,F...) 

^F-W(X..,X„) 

^ F-Isoc^(X.„X..) ^ F-Isoc^(X,X). 

(Here U„, := X U,,,. The equivalence of the second arrow follows from the 
etale descent for the category of overconvergent isocrystals [IBJ 5.1].) Using this de- 
scription and the functoriality of restriction functors, we see that (I2.17P is rewritten 
as 

F-Isoc([F"/Gy]) F-Isoc(Fr) 



hi. 



F-lsoc(U,„) 

F-Isoc(X„) 
F-Isoc(X„) 

F-Isoc^(X..,X..) ^ F-Isoc^(X,X), 
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and we see from definition that this is equal to the composite -F- fl2.41l) o f|2.40p . So 
we have proved the commutativity of the diagram fl2.42p . When X is a curve, we 
can prove the commutativity of the diagram (12.441) in the same way. (We do not 
have to use |171 3.1] in this case because we have X = X',X„ = X^, when X is a 
curve.) So we are done. □ 

Remark 2.24. In the notation of Proposition 12.231 we have the log version (with 
exponent condition) of the functor (I2.50p (for any S = ni=i — ^p- 

(2.54) Isoci°s((X, Z)V«, M(^,^)v.)(s(-ss)) ™-|^ igo,iog(Y^^^ M^.J(s(-ss)) 

^ W(X..,X..) 
lsoc^{X.,X.) 

^ Isoc1'(X,X). 

So we have the functor 

(2.55) lii^ Isoc'°^((X, Z)^/")(„s(-ss)) Isoc^(X,X), 

(n,p)=l 

which is the log version (with exponent condition) of (12.411) . When S is (NID) and 
(NLD), the functor (I2.54p (the version with the subscript S or S-ss) is fully faithful 
since the first arrow (I2.36P is an equivalence and the second arrow is fully faithful by 
Theorem 11.171 (see also Definition 11.31 ) Therefore, when S is (NRD) and (SNLD), 
the functor (12.551) (the version with the subscript nE or nS-ss) is fully faithful by 
Lemma 11.41 

Remark 2.25. In this remark, we give a construction of the log version (with 
exponent condition) of (12.431) when X is a curve. 

In the following, we follow the notation in the proof of Proposition 12.231 Then, 
in the same way as (I2.49p . we can define the functor 

(2.56) Isoc'°s([F/Gy], M[3./G^])^IS0C'°S(F., My J 

^Isoc'°s(F..., M^..J 
™>"^Isoc'-(X..,M^J 



^"lsoc((X,Z)i/",M(^^^)V.)- 



(We have F^"' = Y,X,, = x',, because X is a curve.) Also, let us note that, for a 
morphism / : Y' — y Y in Qx, we have a morphism of log schemes {Y , My') — > 
(Y, My) which is equivariant with Gy' — > Gy (|T3J)- So the morphism \y' /Gy'] — > 
\Y /Gy] induced by / is enriched to a morphism of fine log algebraic stacks {\Y / Gy], 
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"^[F'/G /]) — ^ ^[y/Gy])> by the functoriahty, the functor ( ]2.56p in- 

duces the functor 

(2.57) hm W°s([F/Gy],M[^/c^])-^ lim W°s((X,Z)i/",M(^^^)V.), 

Y^X^gj^ {n,p)=l 

which is the log version of the functor fl2.43p . 

Next let us consider the version with exponent condition, let us put X \ X =: 
{zi, Zr} and take E = ni=i — ^p- Then we have the limit 

lil^ IS0C^°S((X, Z)^/", M(^^^)Vn)nE(-ss) 
{n,p)=l 

as we have seen in Section 2.3. 

On the other hand, For ay '■ Y — > X G Qx, let ay '■ Y — > X be the induced 
morphism. For 1 < z < r, let Cy j be the ramification index of ay at a point z in 
ay^{zi) (which is independent of the choice of z) and put ey := (cy J^^^^. Then, 
we can define the decomposition {^[y/Gy],j}i=i &s in Example 12.151 and so we can 
define the category Isoc'°^ ( [y /Gy ], M^y/^^]) e-E{-ss) (see Definition 12. 9p . We also 
have the category Isoc^°^(F, My) eyS(-ss)5 using the decomposition {M^y^Q^^^-\y}l^^ 
of My. (Note that this decomposition corresponds to the decomposition of the 
simple normal crossing divisor (Y \ F)rcd into the subdivisors {a^^{zi)red}i=i-) Let 
/ : Y' — > y be a morphism in and let f : {Y , My') — > (Y, My) be the induced 
morphism which is finite Kummer log etale. Let us take z E a^(zi) and z' E f ^(-z), 

and put e := Gy' J^yi- Then we have f z = ez' etale locally on z and z' . So, by 
Proposition 11.221 there exists the canonical restriction functor 

IS0cl°^(F,My),_s(.ss) ^ IsOcl°S(F',MyOe-,S(-ss) 

and it induces the canonical restriction fucntor 

IS0C'°S([F/Gy], Mfy/^^]),^s(.,,) ^ IS0cl°S([F7Gy,], M^y 

So we have the limit lim^_^^^^^ Isoc'°s([F/Gy], M^y/(;Jy])e_s(-ss)• 
In the following, for a Kummer log etale morphism Lp : {S, Ms) — > (X, Z) from 
an fs log scheme {S,Ms), we regard that the log structure Ms is endowed with 
the decomposition {Ms^i}l^i, where Ms^i is the log structure associated to (v?*-Zi)red- 
(Note that S is necessarily a smooth curve and Ms is necessarily equal to the log 
structure associated to {ip*Z)^ed-) Then, by Proposition I2.12[ the first functor in 
f l2.56p induces the functor 

(2.58) IS0C'°S([F/Gy], M[y/G^]),_s(_.s)^IS0c'°*^(F., MyJe-E(-ss) 
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and the third and the fourth functor in fl2.56p induces the functor 
(2.59) Isoc'°^(f/..., Mu...Ui.ss) Isoc'°s(X.., Mx..)„s(-..) 

> IS0C((X, Z)^/", M(X,z)i/n)nE(-ss) 

because the morphisms (Ffc,My^) — > {[Y /Gy], M^y/Gy])^ {Ukim.Mu^^Jj — )■ {Xim, 
^Xi^) — ^ ((^' Zy/^, M(Y^^y/„) are strict etale. Let us consider the second functor 
in f l2.56p . By definition, the square 



(2.60) 



^ (X,Z) 



is Cartesian in the category of fs log schemes. Let us take points in the schemes in 
fl^:^ over Zi 



Z I ^ z 



Z\ ^ Zi. 



Then, etale locally around z,Zi and z' , the diagram (Ffc,My^) 
iXimi ) admits a chart of the following form: 



(X,Z) 



Ox 



Note that, since (F, My) — > {X, M-^) is of n-Kummer type by definition of n in 
the proof of Proposition 12.231 we have ey i\n. Then we have the isomorphism of 
monoids 



(N ©e-_,,N,n N)^^* N © Z/ey.Z, (1,0)^ {u/ey,, 1), (0, 1) ^ (1, 0), 

where (— )'^'^* denotes the saturation. So, etale locally around z and z", the left 
vertical arrow of fl2.60p admits a chart 



O 



-> o. 



Uhln 



N ^ N. 



From this diagram, we see by Proposition IL22l that the functor /i*,, in f l2.56p induces 
the functor 



(2.61) Isoci°s(F., M^Je-s(-ss) Isoci°^(t/..., Mu..,)n-^ 



(-SS)- 
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By (12381) . fl239|) and fl23B . we obtain the functor 

IS0C^°S([F/Gy], M[^/G^])e,E(-ss) IsOc'°S((X, M(^_^) )nE(-ss) 

and by functoriality, it induces the functor 

(2.62) hl^ IS0C^°S([F/Gy], M[^/G^])e,S(-ss) — > 

hl^ IS0C^°S((X, M(^^^),/„)nS(-ss), 
(n,p)=l 

which is the log version with exponent condition of the functor fl2.43p . 

Keep the assumption that X is a curve. Then we can define the functor 

Isoc^°s([F/Gy],M^/Gj(2(.ss)) ^ Isoct(X,X) 
in the same way as fl2.19p as the composite 

IS0C^°^([F/Gy],M^/eJ(S(...)) ^ IS0C'°S(F.,M^J(S(.,,)) 

Isoc"^(F.,F.) ^ Isoc'^(X,X). 

Hence we have the functor 

(2.63) In^ Isoc'°s([F/G'y],M^/G^)(e_s(-ss)) -^Isoct(X,X). 

We can check the commutativity of the diagram 

lil^y^xee^ ^ [^/^^] ' ^y/ov ) (eT^(-)) ^ Isoct (X, X) 

!il$(„,p)=iIsoc'°s((X,Z)i/«,M(^,^)V.)(nE(-ss)) ^ Isoct(X,X) 



in the same way as that of ( |2^ . (12^ . 

.('7r*(')r^^ and lirr. 



Now we compare the categories Rep;^<T(7r^(X)) and lim F-Isoc((X, Z)-*^/")": 



Theorem 2.26. The composite 

(2.64) Rep^.(7r*(X)) ^ lii^ F-Isoc([F"/G'y])° 

lii^ F-Isoc((X,Z)i/")° 

(n,p)=l 

is an equivalence of categories. {In particular, the functor (12.401) ° is an equivalence.) 
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The equivalence f l2.64p is nothing but (10 .Qp , which is a p-adic version of (10 ■4p . 
Proof. Note that a part of the functors (I2.49p ° 

F-Isoc(F,°')° F-Isoc(F...)° ^ F-Isoc(X„) ^ F-Isoc(X..)° 

is rewritten via the equivalence (12.4p in the following way: 

(2.65) Smx-(1^°') — > SmK'^{U,,,) <^ SmK'r{x'„) ^ SmK'r{X,,). 

(Here F^™, U,,,, x',,, X„ are as in the proof of Proposition 12. 23[ ) Since X„, being 
a part of the data of bisimplicial resolution of (X, Z)^/", depends on n, let us denote 

it by X„ in the sequel in this proof. Then (I2.65P induces the funtor 

(2.66) lim SmK^{T^) ^ lim SmK^(X^2!) 

and using this, we can rewrite the functor (I2.64p as the composite 



(2.67) Rep;^.(7r*(X)) ^ lim Sm^.(F'.") ^ lim SmK^ix'^^J 



Y^Xeg {n,p)=l 

Ih^ F-Isoc(xi^)^ lii^ F-Isoc((X,Z)^/"). 

(n,p)=l {n,p)=l 

To prove the theorem, it suffices to prove that the first line 

(2.68) Rep;^.(7rJ(X)) ^ lim Smx<^(F.") ^ Ih^ Sm^.(xi^) 

Y^xeg (n,p)=i 

of the functor (12.671) is an equivalence. By construction, the composite of the functor 
(I2.68P and the restriction functor 

(2.69) lii^ SmK-(xl'^^) ^ Smi^.(X..) 

(n,p)=l 

(X,, are as in the proof of Proposition [2]23]) is equal to the composite Rep^<T(7r^(X)) 
Rep^<T(vri(X)) SmK<^{X,,), which is fully faithful. Also, it is easy to see 
that (I2.69P is faithful. So (I2.68P is fully faithful. Also, it is obvious that any object p 

in Rep^<T(7ri(X)) which is sent to an object in lim Sm.K'^iX,, ) C Smi^<T(X„) 
is tamely ramified along Z. So the functor (I2.68P is an equivalence, as desired. □ 

We have seen above that the functor (I2.40p ° is an equivalence. So it is natural 
to ask the following question. 

Question 2.27. Are the functors dXiOj) . (IZlSj) . (12371) . (ES2l) equivalences? 
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Here first we prove that the functors (12.401) and (12.431) are equivalences for curves, 
although we postpone a part of the proof to the next section. 

Theorem 2.28. Let X ^ X he an open immersion of connected smooth curves 
such that X\X =: Z is a simple normal crossing divisor (= disjoint union of closed 
points) . Then, the functor (I2.43P 

lii^ Isoc( [F/Gy] ) ^ lii^ Isoc((X,Z)^/") 

Y^XeGl^ («,p)=i 

is an equivalence of categories {hence so is (I2.40p ). 

Bofore the proof, we introduce one terminology: In the following, a smooth 
connected curve C over k is called a {g, /)-curve when the smooth compactification 
C of C has genus g and {C \ C) ®kk consists of / points. 

Proof. Assume that X is a ((7, Z)-curve and X is a ((7, Z')-curve (/ < /'). First we 
prove the theorem in the case {g, I, /') 7^ (0, 0, 1). Fix a positive integer n prime to 
p for the moment, and take a chart (Xq, {tj}-'^]^) for (X, Z) in the sense of Section 
2.3. Let (X,,Mj^^), {X„, M-j^^J be the simplicial semi-resolution, the bisimplicial 
resolution of (X, Z)^/" associated to the chart {Xq, {ti}l^i), respectively. Let us 
consider the following claim: 

claim 1. Assume {g,l,l') 7^ (0,0,1). For any n, there exists a finite Kummer 
log etale Galois morphism (F, My) — )■ (X,My) such that if we put ("K , My) : = 
(F, My) Xp^^^_-^ (XocMyj,^) (the fiber product in the category of fs log schemes), 

the projection (Y, My) — j- (F, My) is strict etale. 

First we prove that the claim implies the theorem in the case {g,l,l') 7^ (0,0,1). 
Take a positive integer n prime to p, take a finite Kummer log etale Galois mor- 
phism {Y, My) — y (X, M-y) as in the claim and denote its Galois group by Gy- For 
m = 0, 1, 2, let (Ym, My J be the (m-hl)-fold fiber product of (F, My) over (X, M^) 
and for k,l,m e {0,1,2}, let us put {Yki, MyJ := (Yk^MyJ y<(x,M^) (Xi^M^^), 
{Ykim,My^^J := {Yk,MyJ X(x,Mx) ^^i^^^XiJ- Let us prove the following claim: 

claim 2. With the above notation, we have the following: 

(1) The morphism (Y^,, My^^) — )■ (F^, My^) induced by the canonical projection 
is a 2-truncated strict etale Cech hypercovering. 

(2) The morphism {Ykio^My^^^ — > {YkuMy^^ is strict etale and it induces the 
2-truncated strict etale Cech hypercovering (Yfci,,My^^ ) — > (Yfc/,My^^). 

Let us prove claim 2 (assuming claim 1). The assertion (1) is easy because the 
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morphism in question is the base change of the 2-truncated strict etale Cech hyper- 
covering (X„ My,) — > (X, My) by the morphism (F^, My J — > (X, M^). Let us 
prove the former assertion of (2). First, by claim 1, the morphism 

{Y,My) = iY,My) x^Y,M^^ (Xoo,MyJ ^ {Y,My) 
is strict etale. By pulling it back by the morphism 

iYM,MyJ = iY,,My^) x^Y,M^^ (XuMy) ^ (F,,M^J ^ (F,M^), 
we see that the morphism 

(2.70) (F,, M^J X ^Y,M^) (^'' ^x,) X (x,M^) (^00, My J iY,u MyJ 

is strict etale. Now note that the log structure on {Xi,My^) ^i^^m-^) ("^ooj^Xoo)' 
being equal to the pull back of the log structure My^^ , is isomorphic to the pull back 
of the log structure M(Y^^y/n on (X, Z)^/" by the etale morphism Xi x^Xoo — > 
X, Xy {X , Z)^^"" — y {X , Z)^^""". On the other hand, by definition, the log structure 
My^^ is also isomorphic to the pull back of the log structure on (X, Z)^l^ 

by the etale morphism X^o — )■ Xi Xy {X,Z)^^"' — > (X, Z)^/". So the canonical 
morphism 

(2.71) (X,o, My J (X,, My,) x^y,m^^ (Xoo, My J 
is strict etale. So the composite 

iym,MyJ = {Yk,MyJ X(^^,,_) (X 10, My J 

'"^^ (Y,,MyJ x^Y,M^) (XuMy,) x^ym^) (^00, My J ^ {Yki,MyJ 

is strict etale, as desired. 

Let us prove the latter assertion of (2). Since the morphism (Yfci,,My-^^J — > 

(Yki, My^l) is the pull back of the 2-truncated log etale Cech hypercovering (X;,, My,,) 
(X;, My,), it is also a 2-truncated log etale Cech hypercovering. Then, (Ffcio, My^^^) — 
(Yfc/, My^l) is strict etale by the former assertion of (2), we can conclude that it is a 
2-truncated strict etale Cech hypercovering. So we have proved the assertion (2). 
By claim 2, we can define the functor 

(2.72) Isoc((X, Zf'') ^ Isoc(X..) 

— )■ Isoc(F„.) 
^ Isoc(f..) 

^ IS0C(F.) = IS0C( [F/Gy]). 



60 



Varying n, we obtain the functor 

lii^ Isoc((X,Z)^/") ^ Ih^ Isoc([F/Gy]), 

which gives the inverse of f l2.43p by construction. So it suffices to prove the claim 1 
for the theorem in the case {g, /, /') 7^ (0, 0, 1). 

Let us prove the claim 1. To prove the claim, we may replace k by its alge- 
braic closure because the scalar extension is ind-etale. So we may assume that k 
is algebraically closed. First we prove the claim in the case V — I > 2. Let us put 
X\X = {21, ...,2;r}, let li be the inertia group at Zi and let Li : /« — )■ 7ri(X) be 
the canonical map (defined up to conjugate). Then, to prove the claim, it suffices to 
show the following: When we are given open normal subgroups Jj < /j (1 < i < r) 
containing wild inertia subgroup, there exists an open normal subgroup < 7ri(X) 
such that, for any 1 < i < r, l~'^{N) is contained in Jj and contains wild inertia 
subgroup. (In fact, we obtain claim 1 if we put Jj's so that li/Ji = TLjnL and if 
we define (F , My) — > (X, M^) to be the finite Kummer log etale Galois covering 
corresponding to X.) Let us consider the following maps 

li 7ri(SpecFrac (C^_^^)) -% 7ri(X) 7ri(X\ {zj, Zj+i})(tame at 2:^+1), 

where we put Zr+i := Zi. (Note that = ip'i ^i^i-) Then, by Katz [19], there exists 
a morphism a : vri(X \ {zi, 2;j+i})(tame at -Zj+i) — > 7ri(SpecFrac (C^^^.)) satisfying 
a o 71 o 'ip'^ = id. Let us take an open normal subgroup J- <l 7ri(SpecFrac (C*^^.)) 

with il^i^iJ'i) = Ji- (It is possible because the tame inertia group of the hensehan 
field Frac((9^ ) is equal to the tame inertia group of its completion.) Then, if we 

put Ni := Tr~^a~^{Jl), we have L~^{Ni) = Jj. Moreover, by construction, L~^{Ni) 
contains the wild inertia subgroup of Ij even for j 7^ i. Therefore, if we define N 
to be the maximal normal subgroup of vri(X) contained in ni=i -^j; this N satisfies 
the required property. 

In the case I' = I, we have X = X and the claim 1 is obviuosly true because all 
the log structures appearing in the statement of claim 1 are trivial in this case. So 
the case I' — I = 1 remains unproved. In this case, we have {g, I) 7^ (0, 0) because we 
assumed {g, I, I') 7^ (0, 0, 1) for the moment. Then we have a non-trivial finite etale 
covering x' — y X, and if we put X' := X x^x', we have |(x'\X')(A;)| > 2. Then 
the claim 1 for X C X is reduced to the claim 1 for X' C X and this is true by the 
previous argument. So we have proved the claim 1 and so the proof of the theorem 
is finished when {g, I, I') 7^ (0, 0, 1). 

In the case {g,l,l') = (0,0,1), we have X = P^. So the category Qj^ contains 
only the trivial covering and we have 

lin^ Isoc([F/G'y]) = Isoc(X) = Isoc(P^) = {constant objects} ^> Vectx, 
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where a constant object means a finite direct sum of tlie structure convergent isocrys- 
tal O, Vectx means tlie category of finite dimensional vector spaces over K and tlie 
last functor is defined hj S ^ Hom((9, S). (Tfie tfiird equality follows from [551 4.4] 
and the fourth equality follows from the equality Hom(0, O) = K.) On the other 
hand, we shall see later (Proposition I3.8P that the category Isoc((X, Z)^/") 

is also naturally equivalent to Vectx- So we have proved the theorem also in this 
case modulo Proposition I3.8[ □ 

Secondly we answer (under certain assumption on S) the question for the functors 
fl2.57j) and f l2.62p . (We postpone a part of the proof to the next section.) 

Theorem 2.29. Let X ^ X he an open immersion of connected smooth curves 
such that X\X =: Z is a simple normal crossing divisor (= disjoint union of closed 
points). Assume moreover that X is a {g,l)-curve and that X is a {g,l')-curve {so 
l<l'). Then: 

(1) If {g, 1,1') 7^ (0,0,1), the functors fl2.57p and (12.620 are equivalences. 

(2) If {g,l,l') = (0,0,1), the functor fl2.57p is not an equivalence. 

(3) Assume that S C Zp (NRD), (SNLD) and that {g, I, V) = (0, 0, 1). Then the 
functor ( 12.620 is an equivalence if and only i/ S n Z = S fl Z(p) . 

Proof. In this proof, we follow the notation in the proof of Theorem I2.28[ First let 
us prove the assertion (1). In the situation in (1), by claim 2 in the proof of Theorem 
12.281 we have the log version of the diagram (12.720 

(2.73) Isoc^°^((X, Z)^/", M(^^^)v.) ^ Isoc'°s(X.., M^.J 

-^Isoc'°s(F.„,Mj._) 

^W°s(F.,M^J 

= Isoci°s([F/Gy],M[^/G^j) 

and by definition, it is easy to see that the induced functor 

hi^ Isoc'°s((X,Z)i/",M(^_^)V.)^ Ih^ Isoc'°^([F/Gy],M[3./c^]) 

(n,p)=l Y^Xeg'^ 

is the inverse of the functor (12.57p . 

Next let us consider the log version with exponent condition. Let us put X\X = 
{zi, Zr} and let us take S = ni=i ^« — ^p- Let us fix a positive integer n prime to 
p for the moment and choose a morphism {Y, My) — y {X, M^) as in claim 1. Let us 
define the ramification index ey '■= (cy J^^^ as in Remark l2.25[ Then, in the notation 
of the proof of claim 1, we have Ii/q^{N) = Z/ey^{LJi/Ji = Z/nZ,L-\N) C J^. 
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Hence we have | ey j. Then, etale locally around any points in the inverse image 
of Zi, the diagram 

admits a chart of the following form: 

Yk > X < Xifn 



N N N. 

Using this, we see (by the same argument as in Remark I2.25P that the projection 



admits a chart 



Ox > Oy 



and from this diagram, we see by Proposition 11.22( 2) that the second functor in 
f l2.73p induces the functor 

Isoci°s(X„, M^.J„s Isoci°^(y„.,M...),_s. 

Since the other functors are induced by strict etale morphisms, we can conclude that 
f l2.73p induces the diagram 

IS0C'°S((X, M(^_^)Vn)nE ^ IS0C1°^(X.., i%.J„s 

-^IS0cl°^(y...,M...)e-S 

^Isoci°^(i;.,Mp,J,_2 
^Isoci°^(F.,MyJ,_s 

= IS0c'°S([F/Gy],M[y/C^])e^E, 

which induces the functor 

hm Isoc'°s((X,Z)V-,M(^_^)Vn)nS— > Ih^ Isoc^^^llF/Gy], M[y/G,]),_s 
(n,p)=i y^xee^ 

giving the inverse to the functor fl2.62p . Hence we have proved the assertion (1). 

Next we prove the assertion (2), by showing that the functor fl2.57p is not essen- 
tially surjective in this case. First, note that, since the category Q*-^ contains only 
the trivial covering, we have 

hm Isoc'°s([F/Gy], M^/ay]) = Isoci°^(X, Z). 
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Let us calculate the category on the other hand side. Let us put Z =: {z}, and 
take a /c-rational point z' of X other than z. (It is possible because X = P^.) Let 



us put U 



X\{z'}^V :— X r\U and for a positive integer n prime to p, let 
> [/ be the morphism 



4 = t^ 



{V). Let Mu (rcsp. Mjj( 



induced by k[t\ — > k[t\] t ^ r and put V^") := 
be the log structure on U (resp. C/^")) associated to {z} (resp. {0} C A]^ = U^'^'>). 
Note that f/*^"^ admits the canonical action (action on the coodinate t) of /i„ over 
[/, and on we have the log structure M[[;(„)^^^] induced by Mu(n). Then 

we have 

(2.74) W°s((X,Z)V",M(^^^)Vn) 

= Isoci°s(X ((X, Z)^/", M(^^^)Vn))Xi,„,iog(^^_((^^^)V„^^^_^^^^^)) 

Isoc'°s(C/ ((X, M(x,^)v.)) 

= 1S0C(X) Xi,o,(y) lsOcl°^([f/("V/^n],M[^(")/M„]) 

= 1S0C(X) y<lsoc([V(r^)/,^„]) IS0C^°^ ( [f/("VM>^[C/(") //.„]) • 

Let us take a diagram (with the square Cartesian) 



(2.75) 

smooth over Spf Ok lifting 



X <- 



V 



V 



-> U 



uin) 



u 



such that X MM^''^^ arc isomorphic to A^^, (p is induced by Oxit} — > Oxit}', t i— )■ 

and V, V'^"-' = G^.o^- Note that V*^"^ admits the canonical action of Hn which 
lifts the action of jin on Let /^n-LNM („) , ^„-LNM („) be the category of 



log-V-modules on ■, with respect to t{:= the coodinate of Aq^ = W*^"-') with 
equivariant //„-action. Then we have the canonical fully faithful functors 

(2.76) Isoc(X) ^NM;,^, 

(2.77) Isoci°s([C/(") //.„], M[^(„)/^„]) 

{objects in Isoc'°^ ( [/^"^ Mf;(n)) with equivariant //„-action} 



u 



,(n) , 
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(2.78) Isoc'°s([\/("V/^n],M[v^(„)/^„]) 

{objects in Isoc^°^(V"*-"'', My(„)) with equivariant /i„-action} 
/x„-LNM^(„). 

Let us fix n > 2 prime to p. We define an object £ := {Sq, £i, l) G Isoc'°^((X, Zy^^, 
M(Y,2)i/n) (where Sq G Isoc(X), G Isoc'°^([f/'^"^//i], M[^(n)/^]) and i is the iso- 
morphism between the restriction of £i and £q in the category Isoc([y*^"'-*//^n])) 
follows: Let Sq be the structure convergent isocrystal on X, which is sent to {Ox^, d) 
by f l2.76p . Let £i be the unique object in Isoc^°§([f/('^VAi], ^[c/w/m]) 

which is sent 

by (I2.77P to (tO^{n) , d\to („)) with natural action (the action with ^ ■ t = for 
C G fin)- (Note that the log-V-module {tO,.{n),d\to /„J actually comes from a log 



convergent isocrystal because the restriction of it to a strict neighborhood of V 



(n) 
K 



in comes from the structure overconvergent isocrystal on {V^"'\ U^"'^). See 
6.4.1].) L is defined to be the isomorphism from the restriction of £i to that of 
£o defined by tOy(-n) I ■,,(") = tO.,(„) 0.j„) = OxkVa^)- (This is an isomor- 

phism since t is invertible on V*-"-'.) We denote the induced object in the limit 
^Hm=i Isoc'°^((^, Zf'"^. M(^,z)v™) also by £. 

We prove that the above £ is not contained in the essential image of fl2.57p . 
Assume the contrary. Then £ G Isoc'°^((X, Z)^/'", M^-^ ^-ji/m) comes from some 

object J-" in Isoc^°^(X, Z) for some m dividing n. Then, by the commutative diagram 
Isoc'°s(Z,Z) > Isoc'°§(?7,Mc7) LNMw^ 

Isoci°s((X,Z)V-,M(^^^)V"0 > Isoci°s([C/M/^„],M[^(™)/^^]) /x„-LNM^^™, 

(where is the pull back by the morphism ■ l^j^^ — > U induced by ^), there 
exists a locally free module of finite rank F on Uk and a /^m-equivariant isomorphism 
^\;F — ^ f^/^O (m). (Here t is the coordinate of U^^\) But this is impossible since 

(m) is not generated by /i^-invariant sections. So we have a contradiction 
"if 

and so ( I2.57P is not essentially surjective in this case. Hence we have proved the 
assertion (2). 

Let us prove the assertion (3). As in (2), we see that ^}^Y^x&g^ Isoc^°^([F/G'y], 

^[F/Gy])e-s(-ss) = Isoc(X, Z)s(-ss). For a ring A, Let ^ ^ be the 
diagram ^ {oo} over Spec A. When A = Ok, this is a hft of the diagram 

X X i-^ Z. We denote the p-adic completion of this diagram in the case A = Ok 
hj X X ^ Z. Note that we have the canonical fully faithful functor 

(2.79) Isoc'°s(X, Z)2(.ss) ^ LNM(^^2)_^ - LNM(x^^^2^)^s, 

where, for a field A, LNM^^^ 2^),s denotes the category whose object is a locally 
free module E of finite rank over X^ endowed with an integrable log connection 
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V : E — > E (log Za) relative to A whose exponents along Za are con- 

tained in S in algebraic sense. (Note that the latter equivalence in ( ]2.79p follows 
from GAGA theorem.) Note that, since E is (NRD), we have |EnZ| < 1. We prove 
the following claim: 

claim. When S fl Z is empty, the catgory LNM^^^ s empty. If S fl Z = 
{N} is nonempty, any object in LNM^^^ s ^ finite direct sum of the object 
{0^^{-NZK),d). 

Let us take {E, V) G LNMj-x^. 2^-) s- Then there exists a countable subfield Kq C K 
and {Eo, Vq) e LNM(x^.^ 2^0) ^^^^ ^^^^ ^) = (^0 ®Xo K, Vq K). Then take 
an inclusion Kq C C. Then we obtain {Eo^Xo^y Vo^XqC) G LNM(Xc,Zc),e ^^'^^ that 
the restriction of it to X^"^ = A^'^'^ is trivial since 7ri(Aj,''^'^) is trivial. If SflZ is empty, 
there does not exist such {Eq C, Vq <^Ko C) by monodromy reason. So the cate- 
gory LNM^x^ 2^,) E is empty in this case. If S flZ = {A^}, such {Eq Vq ®Ko 
is necessarily isomorphic to a finite direct sum of {0^^{—NZ£),d) by II 5.4]. 
So we have 

dim;^„ Hom((Cx^^(-ArZ^J, d), {Eq, Vq)) 
= dimcHom((Ox,(-A^Zc),rf), {Eo ®x„ C, Vq (S)Ko C)) = rk^o 
and hence {Eq, Vq) is isomorphic to a finite direct sum of (C'x^^ (— A^Zj^^), d). There- 
fore {E, V) is isomorphic to a finite direct sum of {0^^{—NZk), d), as desired. So 
the claim is proved. 

By claim, Isoc(X, Z)s(-ss) is empty if S fl Z is empty. Let us consider the case 
E n Z = {A^}. In this case, the object {0^^{—NZK),d) comes from an object 
in Isoc^°^(X, Z)e(_ss) since the restriction of it to a strict neighborhood of Xk in 
comes from the structure overconvergent isocrystal on (X, X). So, in this case, 
f l2.79p induces the equivalence 

Isoc'°s(X,Z)s(.ss) ^ LNM(;^^^)_s = LNM(x^,z^),s ^ Vect^, 

where the last functor is defined by (^, V) ^ Hom((C>x^(-XZ;^), d), (^, V)). 
On the other hand, we will prove later (Proposition 13. 8p that the category 
Isoc^°^((X, Z)^/"-, Mp^^^y/n) is empty when E fl Z(p) is empty and equiva- 
lent to Vectj^ in compatible way as the above equivalence when E fl Z(p) consists of 
one element. (Note that we have |E fl Z(p)| < 1 because E is (NRD).) So, in the 
situation of (3), the functor f l2.62p is an equivalence if and only if E fl Z = E fl Z(p). 
So we have finished the proof of the theorem modulo Proposition 13.81 □ 

3 Parabolic log convergent isocrystals 

Let X X be an open immersion of smooth /c- varieties such that Z := X \ X 
is a simple normal crossing divisor and let Z = [X^i Zi be the decomposition of 
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Z into irreducible components. We regard as the fixed decomposition of 

Z in tlie sense of Definition 11.191 In tliis section, we introduce tlie category of 
(semisimply adjusted) parabolic (unit-root) log convergent (F-)iso crystals and prove 
the equivalence f lO.lOp . In the course of the proof, we prove the equivalence of the 
variants of right hand sides of (10. 9p and (lO.lOp without Frobenius structures, with 
log structures and with exponent conditions. 

Before the defintion of parabolic log convergent isocrystals on (X, Z), first we 
prove the existence of certain objects in Isoc^°^(X, Z). 

Proposition 3.1. Let X,X,Z = IJi=i ^« above. There exists a unique induc- 

tive system {0{^,-aiZi))a=[a,)&^ of objects in Isoc'°^(X, Z) {we denote the tran- 
sition map by i% : 0(Eia^i) ^ 0{Y.iPiZ^) for a = (a,),/? = (A) e with 
01% < A (Vz)) satisfying the following conditions: 

(1) 0{Y2i<^iZi) has exponents in {—a} = YYi=i{~'^i} with semisimple residues. 

(2) The restriction ((j"^C(Ei "i^i))"? U''i^%)a,i3) of {{OiJ2iOiiZ'd)a, ii^%)a,(3) to an 
inductive system in Isoc^(X, X) is equal to the constant object ((j'I'O), (id)), 
where j^O denotes the structure overconvegent isocrystal on (X, X). 

Moreover, it has the following property. 

(3) For any open subscheme U ^ X and a charted standard small frame {{U, U, X, 
i, j), ti, tr) enclosing [U := X fl U ,U) with Z = IJLi the lift of Z H 
U, the inductive system of log-V -module {Ea,Va)a on {X,Z) induced by 

has the form 

(3.1) (i?a, V„) = (0:^^(J]a,Z,,^),d), 

i 

with equal to the canonical inclusion. 

Proof. Let r' : (Zp/I^) \ {0} — > Zp (where is the class of in Zp/Z) be any section 
of the projection Zp — > Zp/Z, r„ : Zp/Z — > Zp be the section of the projection 
extending r' with r(0) = —n and for a G Z*", let us put Tq := 111=1 ''"oi- Then we 
have the equivalence of categories 

(3.2) jt : Isoci°^(X, Z).^(o)_ss ^ Isoc^(X, X)o.ss 

by Theorem II. 171 So there exists a unique object 0{^^aiZi) in Isoc'°^(X, 2')t-^(o)-ss 
= Isoc'°s(X,Z)|_„}_ss with j^(C(Ei«i^i)) = J^C*- Moreover, by Proposition [HHl 
we have a unique morphism : 0{^- aiZi) — )■ Oi^^PiZi) for any a = (a^), (3 = 
{(3i) G H with ctj < Pi (yi) satisfying = idjto- Then the resulting inductive 

system {0{Yl,^aiZi))a satisfies the conditions (1), (2). The uniqueness is also clear 
from the construction. 



67 



Let us prove that {0{'^-aiZi))a satisfies the condition (3). In the situation of 
(3), the equivalence (13 .2^ holds also for {U,U). Also, note that the log-V-module 
(13. ip on {Xk, Zk) is restricted to the trivial V- module on a strict neighborhood of 
[X\Z)k in Hk- Hence it defines an object in Isoc^°s(f7, Z n!7) by [211 6.4.1] and it 
is easy to see that it has exponents in rQ,(0) = {—a} with semisimple residues (with 
respect to the decomposition {Zj n ?7}i of Z nU). Hence (13.11) defines an object in 
Isoc'°^(?7, U)ra{o)-ss- Moreover, the transition maps defined in (3) give morphisms in 
Isoc'°^(f/, t/) which reduce to the identity in lsoc\U,U). So, by the uniqueness in 
the construction of {0{J2i(^i^i))a (this remains true even when we replace {X,X) 
by (f/, U)),we see that the inductive system of log-V-modules given in (3) is induced 
from {0(^-aiZi))a. So the property (3) is also proved. □ 

For £ G Isoc^°^(X, Z) and a = (aj)i G Z^', we define £{J2i oa^i) by i^(^j ctiZi) := 
S ® C>{Y2-aiZi). We define the notion of parabolic log convergent isocrystals on 
{X, Z) as follows: 

Definition 3.2. Let X ^ X , Z = [Jl^i Zi be as above. Then a parabolic log conver- 
gent isocrystal on (X, Z) is an inductive system {£a)aez'^^^ of objects in Isoc^°^(X, Z) 
{we denote the transition map by Lap : £a — > £/3 for a = (aj),/3 = {f3i) G Z^^^ with 
Oil < Pi (Vi)) satisfying the following conditions: 

(1) For any 1 < i < r, there is an isomorphism as inductive systems 

) = {{£a{Zi))a, {tap ® id)^,/?) 

via which the morphism (ta,«+6jo : {,£a)a — > {,£a+ei)a is identified with the 

morphism (id ® t° : {£a)a > {£a{Zi))a- 

(2) There exists a positive integer n prime to p satisfying the following condition: 
For any a = {ai)i, L^'a is an isomorphism if we put a' = {[nai]/n)i. 

We denote by Par-Isoc^°^(X, Z) the category of parabolic log convergent isocrystals 
on (X, Z). 

For a parabolic log convergent isocrystal {£a)a on {X,Z), the transition map 
Lai3 : £a — > £i3 is always injective, because we have the diagram 

£a £l3 £a+N — £{^2 NiZi) 

i 

for some N = {Ni)i G Z*" and the composite is injective. Then, applying to 
the above diagram and noting that j'^£a — > isomorphism, we 

see that the inductive system {j^£a)a of objects in Isoc^(X, X) is constant, that is, 
j^£a G Isoc^(X, X) is independent of a. 

Next we give a definition of parabolic (unit-root) log convergent F-isocrystals. 
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Definition 3.3. A parabolic log convergent F -isocrystal on (X, Z) is a parabolic log 
convergent isocrystal {Sa)a<=z''^ ^ endowed with an isomorphism \1/ : \m^{F*£a)aeZ''^ ^ 

lu^{SQ.)aeZ]:^ CSS ind-objects. It is called unit-root if the object (j^£^Q,, in 

F-lsoc\X,X) induced by {{£a)a,^) "^s unit-root. A morphism f : {{£a)a,^) — > 
((£^)q,, between parabolic log convergent F -isocrystals is defined to be a map of 
inductive system of log convergent isocrystals {fa)a '■ {£a)a — >■ i^Da such that 
(lin^^ fa) o \1> = o (lin^_^ as morphism of ind-objects. 

We define tlie notion of '(semisimple) S-adjustedness' for a parabolic log conver- 
gent isocrystals as follows: 

Definition 3.4. Let S = HLi ^-^ be a subset of which is (NRD) and (SNLD). 

Then a parabolic log convergent isocrystal S := {£a)a is called T,-adjusted {resp. 
semisimply T,-adjusted) if, for any a = {ai)i G Z^^-j, £a has exponents in 111=1 + 
([— ttj, — ttj + 1) n Z(p))). {resp. £a has exponents in HLil^j + + 1) H 

Z(p))) with semisimple residues.) When = 0, we call it simply by adjusted {resp. 
semisimply adjusted). A parabolic log convergent F -isocrystal {{£a)a)^) is called 
adjusted {resp. semisimply adjusted) if so is {£a)a- 

We denote the category ofE-adjusted {resp. semisimply H-adjusted) parabolic log 
convergent isocrystals on {X, Z) by Par-Isoc^°^(X, Z)-^ {resp. Par-Isoc^°s(X,Z)s.ss)- 
Also, we denote the category of adjusted {resp. semisimply adjusted) parabolic log 
convergent F -isocrystals on {X,Z) by Par-F-lsoc^°^{X, Z)o {resp. Par-F-Isoc^°^(X, 
^)o-ss) o,nd the category of semisimply adjusted parabolic unit-root log convergent 
F-isocrystals on (X, Z) by Par-F-Isoc^°§(X, Z)l_^^. 

Remark 3.5. Let X X , Z = IJi=i be as above. Let Zsmg be the set of sin- 
gular points of Z and assume given a subset S = 111=1 ^« which is (NRD) 
and (SNLD). In this remark, we prove that an object S := {{Sa)a, {'-013)0,13) in 
Par-Isoc^°^(X, Z) is contained in Par-Isoc^°^(X, Z')s-ss if and only if it satisfies the 
following condition (**): 

(**) For any 1 < i < r, for any open subscheme U C X \ Zsmg containing 
the generic point of Zi and any charted smooth standard small frame with generic 
point {{U, U, X),t, L) enclosing {U, U) (where U := X nU), the inductive system of 
log-V-modules {E^^i^a, ^e,L,a) on A\[0, 1) induced by S has the form 

(3.3) {Es,L,a,Ve,L,o) = 0(0Ai[o,i),c?+ (7, + L^.J-aJdlogt) 

i=i 

for some /i G N, 7^ G Sj, bj G [0, 1) fl Z(p) (1 < j < //) with ta(3 equal to the multipli- 
cation by tLftjJ-"i~Lf'jJ-/3i ^ where, for a, 6 G Z(p), [bja denotes the unique element in 
[a,a + 1) n (6 + Z). 

The 'if part is easy because, if we have the equality (13. 3p . £a has exponents in 
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]^^^-^(Sj + ([— Oj, —ai + 1) n Zi(p))) with semisimple residues by Lemma [1. 15( 2). Let 
us prove the 'only if part. By the argument in the proof of Theorem II .17^ we see 
that {E£ L o,'V£^L,o) is (Sj + ([0,1) fl Z(p)))-semisimple. So there exists some /i G 
N, 7j G Sj, bj G [0, 1) n Z(p) (1 < j < /i) such that the equahty (13. 3 p holds for a = 0. 
Let us note now that the inductive system (0^=i(Cai^[o,i)' (^i + [bj\-aJd\ogt))a 
above has the following properties: 

(1) ®j=ii^Ai[o,i),d+{lj+[bj\_a^)d\ogt) is (Si+([-aj, -aj+l)nZ(p)))-semisimple. 

(2) Transition maps are isomorphism on A];^[A, 1) for some A G (0, 1) fl F*. 

Note also that the inductive system (-E£-,l,q,, Vf ^l^q,)^ also has the same properties. 
So, by Proposition II. 6[ the equality (13. 3 P for a = extends to the isomorphism (13. 3p 
as inductive systems. So we have proved the desired claim. 

Note that, by the argument after Definition 13. 2^ we have the functor 

(3.4) Par-Isoc^°^(X, Z)s(-ss) ^ Par-Isoc^°s(X, Z) — > lsoc\X,X) 
defined by {Sa)a ^ j'^^a- Then the key result in this section is given as follows: 

Theorem 3.6. Let X,X, Z = IJi=i ^« above and let S = 111=1 ^« subset 

of which is (NRD) and (SNLD). Then there exists the canonical equivalence of 
categories 

(3.5) lii^ lsoc'°^{(X, Z)i/", M(X_^)vOnE(-ss) ^ Par-Isoc^°s(X, Z)s(.ss) 

(n,p)=l 

which makes the following diagram commutative: 



Isoci°s((x, Z)V", M(^_^)Vn)nE(-ss) Par-Isoci°^(X, Z)s(.ss) 



(3.6) 



Isoc^ (X, X) Isoc"^ (X, X) . 

Proof. First we prove that the functor (I2.55P induces the equivalence of categories 

(3.7) hi^ Isoc^°s((X,Z)^/",M(^^^)Vn)nE(-ss) -^Isoct(X,X)^(.ss), 

(n,p)=l 

where S := Im(S + Z'^^-j ^ Z^ — > Z^/Z'). To see this, it suffices to prove that the 
functor ( ]2.54p induces the equivalence 

(3.8) Isoc^°s((X, Zy/\ M(^,^)v.)ns(-ss) ^ Isoct(X, X)s^(_,,), 

where S„ := Im(S + (^Z)*" ^ Z^ — > Z^/Z*"). We have already seen in Remark 
[221 that the functor 

(3.9) Isocl°^((X,Z)^/^M(^^^)V.)nS(-ss) — > Isoct(X,X) 
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defined in fl2.54p is fully faithful. So it suffices to prove that essential image of this 
functor is equal to Isoc^(X, X)^^^ ,,^^. Let £ be an object in the essential image of 
(I3.9p . To see that it is in Isoc^(X, X)^^^ ,,;,), it suffices to check it locally around 
generic points of Z. So we may assume that X = Spec R is affine, Z is smooth and 
defined as the zero locus of some element t E R. Let be the log structure on X 
associated to Z, let (Xq, M-^^) be the log scheme defined by Xq := Spec R\s]/ (s"— t), 
M-j^^^ := log structure associated to {s = 0} and let (X^, M^^) {m = 0, 1, 2) be the 
(m + l)-fold fiber product of {Xo,M-Xg) over (X, M^)- Also, let us put X, := 
X X,. Then the functor (13. 9p = fl2.54p in this case is equal to the composite 

Isoc'°s((X,Z)i/",M(^^^),/n)„s(-ss) ^ Isoc'°s(X.,M^J„s(-ss) 

Isocf(X.,X.) ^ Isoc^(X,X). 

Hence the restriction of £ to Isoc^(Xo,Xo) extends to an object in the category 
Isoc'°^(Xo, Mj^^)„s{-ss)- Now let us take a charted smooth standard small frame with 
genetic point (X, t, L) := ((X, X, X),t, L) enclosing (X, X) such that t is a lift of t. 
Then we have a charted smooth standard small frame with genetic point of the form 
(Xq, s, L) := ((Xq, Xq, A'o), s, L) and a morphism ip : (Xo,s,L) — > {'K,t,L) with 
ip*{t) = lifting the morphism Xq — > X, by Lemma [1.121 and Remark 11.131 It 
naturally induces the map ipn '■ ^iP; 1) — ^ ^ifO^ 1) between 'discs at generic points' 
defined by t ^ t". Let {E, V) be the V-module on Al[\, 1) (for some^ e (0, 1) nF*) 
which is induced by £. Then, since the restriction of £ to Isoc^(Xo, Xq) extends to 
an object (which we denote by £) in Isoc^°^(Xo, Mj^^)„s(-ss), we see that ■?/'*(£', V) 
extends to a log- V-module on AY[0, 1) which is induced by £. Then, by Theorem 
I1.17[ V^*(ii^, V) is nE-unipotent (nE-semisimple). Then '?/'„^*'?/^*(_E', V) is written as 
a successive extension by the objects of the form (as a direct sum of the objects of 
the form) 

n — 1 

In particular, it is (S + | < i < n - l})-unipotent ((S + | < i < n - 1})- 
semisimple). So {E, V), being a direct summand of ■ipn,*4'ni^y ^l^o (S+{;^ | < 
i < n — l})-unipotent ((S + | < i < n — l})-semisimple). So we have shown 
that £ has S„-unipotent (S„-semisimple) generic monodromy. 

Conversely, let £ be an object in Isoc^(X, X)^^^ .,^-) and prove that it is in the 
essential image of (13. 9p . Since (13. 9p is fully faithful, it suffices to prove it Zariski 
locally. So let X,, L, ipn, ■■■ as in the previous paragraph. Then the V-module {E, V) 
on Al[X,l) induced by £ is (E + {^ |0 < i < n- l})-unipotent + | < i < n- 
l})-semisimple). Hence one can see by easy calculation that ?/;;(E, V) on A}^[A^/", 1) 
is nE-unipotent (nE-semisimple). So the restriction of £ to Isoc^(Xo,Xo) has riE- 
unipotent (nE-semisimple) generic monodromy and by Theorem I1.17[ it extends 
uniquely to an object (which we denote by £o) in Isoc^°^(Xo, Mj^^)nj:{-ss)- Then, since 
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a projection (X/, Mj^^) — v (Xq, ^Xq) strict etale (which follows from Proposition 
I2.20p . the pull-back of £q to (X/, M-j^^ by this projection is in Isoc^°^(X/, M^^)„2(-ss) 
by Proposition 11.221 Hence the restriction of 8 to Isoc^(X;,X;) has nS-unipotent 
(nS-semisimple) generic monodromy. So it extends uniquely to an object (which 
we denote by Si) in Isoc^°^(X;, M^^J^^c-ss)- The uniqueness implies that £, defines 
an object in Isoc'°*^(X,, M;^J„s(-ss) = Isoc^°^((X, Z)^/", M(^_2-)1/„)„e(_ss). Therefore 
£ is in the essential image of f l3.9p . So we have shown the equivalence fl3.8p . hence 
the equivalence (13 .70 . 

Next we prove that the functor (13.40 induces the equivalence of categories 

(3.10) Par-Isoci°^(X, Z)s(_ss) ^ Isoct(X, X)3.(_,,). 

To do so, first we prove the well-definedness and the full faithfulness of the functor 
(I3.10p . Let t[ : (Zp/Z) \ ((Sj + 'L(p))/'L) — )■ Zp be any section of the projec- 
tion Zp — > 'Lp/'L and for a G Z(p), let r^'j : (Sj + Z(p))/Z — > "Lp be the map 
defined as r^iij + b) := 7 + [6J-a(7 G G Z(p)), where [&J_a is the unique 

element in (6 + Z) fl [—a, —a + 1). Let r^^j : Zp/Z — y Zp be the map defined as 
ra,^\i^pm\ii^^+^(p))m = = <'i and for a = {ai)i G Z^^^, let us put 

Ta '■= Y[l=i'^ai,i- Let US take {£a)a £ Par-Isoc'°^(X, Z)s(-ss)- Then, by (semisim- 
ple) E-adjustedness of {£a)a, £a has exponents in Ta{T,) (with semisimple residues). 
Hence j^£a has S-unipotent (S-semisimple) generic monodromy. So the functor 
(13. 4p naturally induces the functor (I3.10p . that is, (I3.10p is well-defined. Next, let us 
take {i£a)a, it^ai3)a,(3), {{£'a)a, {i^'ai3)a,t3) ^ Par-Isoc'°s(X, Z) . Then, siucc £a,£a havc 
exponents in ra(E) (with semisimple residues) for any a, we have the isomorphism 

(3.11) Hom(f«,4) ^ Hom(jt^„jt4) 

for any a = (ttj),/? = (A) G Z(p) with < f3i{l < i < r), by Proposition 11.181 
Using (13. lip in the case a = /3 for a G Z^^-j, we see that the functor (I3.10p is faithful. 
On the other hand, if we are given an element (f G Hom(j^£^a, j^£^^) for some a (note 
that B.om{j^£a, j^£a) is independent of a), it induces for any a the unique element 
iPa G Hom(£^Q,£^^) which is sent to ip by (13. lip (for a = (3). These v^q's satisfy the 
equality l'^^ ° = ° i^a/s because both are sent to ip by (13. lip . Hence {ipa)a 
defines a morphism {£a)a — > {£'a)a which is sent to ip by the functor (I3.10p . Hence 
(I3.10p is full, and so we have shown the full faithfulness. 

We prove the essential surjectivity of the functor ( ]3.10p . Let us take an object 
£ in Isoc^(X, X)2(_ss) and let Tq, be as in the previous paragraph. Then there exists 
the unique object £a G Isoc^°^(X, Z)^^^^)^ ,,^) with j^£a = £ hy Theorem 11.171 and 
for a = {ai)i, (3 = {f3i)i with ai < f3i, we have the unique morphism Lap '■ £a — > £i3 
with jhajs = ids by Proposition 11.181 Then {{£a)a, ('■«/3)a,^) forms an inductive 
system of objects in Isoc^°^(X, Z), and one can check that it satisfies the property 
(1) in Definition 13.21 by the above-mentioned uniqueness. Also, note that there 
exists some n prime to p such that £ is actually contained in Isoc^(X, X)^^!- .,^-). 
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Then, for any a = £a is in fact the unique object in lsoc^°^{X , Z)^^(^^'j^_^^-^ 

with j'^Sa = Since we have ra(S„) = rQ/(E„) when a' = {\^a^ln)i^ we see that 
tola is an isomorphism by uniqueness. So we have checked that {Eo)a satisfies the 
property (2) in Definition 13.21 Also, we see by definition that T^iX) = Y[i=ii^i + 
([— Oj,— + 1) n Z(p))). Hence {£a)a is (semisimply) S-adjusted and so we have 
shown the essential surjectivity of the functor f l3.10p . Hence the functor f l3.10p is an 
equivalence. 

By composing the equivalences (13. 7p and ( I3.10p ~^. we can construct the equiva- 
lence (13. 5 p which makes the diagram (13. 6p commutative. So we are done. □ 

Corollary 3.7. Let X,X,Z = [Jl^iZi be as above. Then there exist the canonical 
equivalences of categories 

(3.12) lin^ Isoci°s((X, Z)^/", M^-^^z)^/„)o ^ FaT-lsoc^°^(X , Z)o, 

(n,p)=l 

(3.13) lii^ Isoc((X,Z)^/") ^ Par-W°s(X,Z)o-ss, 

(n,p)=l 

(3.14) In^ F-Isoc'°^((X, Z)^/", M(Y,2)i/n) ^ Par-F-Isoc^°s(X, Z)o, 

(n,p)=l 

(3.15) lii^ F-Isoc((X,Z)^/") ^ Par-F-Isoc^°s(X,Z)o-ss, 

(n,p)=l 

(3.16) lii^ F-Isoc((X, Z)i/")° ^ Par-F-Isoc'°s(X, Z)°.,,. 

(n,p)=l 

In particular, we have the canonical equivalence 

(3.17) Rep;^.(7ri(X)) ^ lii^ F-Isoc((X, Z)^/")° ^ Par-F-Isoc^°*^(X, Z)°_,, 

(n,p)=l 

when X is connected. 

The equivalence (I3.17P is nothing but (lO.lOp , which is a p-adic version of (10. 3 p . 

Proof. The equivalences ( I3.12P and (]3.13p are special cases of Theorem l3.6l (note that 

wehaveIsoc'°s((X,Z)V-,M(x,z)i/n)o-ss = Isoc((X, Z)V-)). Next, let F-Isoct(X, X)(Z(^j/z).(-.s) 

be the category of pairs consisting of £^ G Isoc^(X, X)(2^^j/2)r(_ss) endowed 

with the isomorphism ^ : F*£ £ and let F-Isoc^(X, X)°^^ ^/zy-ss 

egory of pairs {S,'^) G F-lsoc\X, X)(^z,p^/zy-ss which is unit-root as an object in 
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F-lsoc\X, X). Then it suffices to prove the equivalences 

(3.18) hm F-Isoci°s((X,Z)i/",M(^^^)vO ^ F-lsoc\X,X)(^^^^^/^y, 

(n,p)=l 

(3.19) hi^ F-Isoc((X, Z)V") ^ F-Isoct(X,X)(^^^,/^)..,„ 

(n,p)=l 

(3.20) hi^ F-Isoc((X, Z)V")° ^ F-Isoct(X, X)^^^^^/^)..,,, 

(n,p)=l 

(3.21) Par-F-Isoc'°s(X, Z)o ^ F-lsoc\X,X)i^^^^/j^y, 

(3.22) Par-F-Isoc'°s(X, Z)o-ss ^ F-Isoct(X, X)(2;(^,/z)'--ss, 

(3.23) Par-F-Isoc'°s(X, Zy ^ F-lsoc\X,X)l^^^^^^y_,,. 

As a direct consequence of the equivalence (13. 7p (and the functoriality of it with 
respect to Frobenius), we obtain the equivalence 

hi^ F-Isoc'°s((X, Z)i/", M(^_^)Vn)o ^ F-Isoct(X,X)(Z(^,/z)^ 

(n,p)=l 

and the equivalence fl3A9l) (note that F-Isoc'°s((X, Z)i/", Mp^^zy/n)o = F-Isoc((X, Z)^/").) 
To prove the equivalence fl3.18p . it suffice to prove the equivalence 

(3.24) F-Isoci°^((X, Z)i/", M(X^^),/„)o F-Isoc'°s((X, Z)'/^, M^-^^^y/^), 

that is, any object (S,"^) in F-Isoc'°^((X, Z)"^/", 2)i/n) has exponents in 0. By 
definition of exponents given in Definition 12.91 we can check it by pulling {S, \Ef) 
back to some fine log scheme {Y, My) such that Y is smooth over k and that My 
is associated to some simple normal crossing divisor Z in Y. Moreover, by Lemma 
11.15( 2). we may assume that Z is a non-empty smooth divisor and we may shrink Y if 
necessary (as long as Z is non-empty). So we may assume that there exists a charted 
smooth standard small frame {{Y \ Z, Y, y),t) enclosing (Y, Y \ Z), and that, if we 
put Z := {t = 0}, there exists a (T*-linear endomorphism (f : {y,Z) — {y,Z) 
as fine log formal scheme lifting the g-th power map F : [Y, Z) — > {Y, Z) with 
ip*t = f. Then £ gives rise to a log-V-module {E, V) on with respect to t and 
the isomorphism ^ : F*£ ^> £ gives rise to an isomorphism 

(3.25) ^ : ¥5*(E, V) ^ (^, V). 

Let us denote the residue of {E, V) along Zk = = 0} by res and let P{x) G K[x\ 
be the minimal polynomial of res. Then it suffices to prove that all the roots of 
P{x) are 0. Let a > be the maximum of the absolute values of the roots of P{x). 
By the isomophism ( ]3.25p . we have the equality p"^ {(f* (res)) = res, and so we have 
P'^(res/p) = 0. Hence P{x) divides P'^{x/p), and so we have a < q^^a, that is, 
a = 0. Hence all the roots of P{x) are as desired and so we have shown the 
equivalence fl3.24p . thus the equivalence fl3.18p . 
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To prove the equivalence f l3.20p . it suffices to prove that an object {S,"^) in 
F-Isoc((X, Z)^/") which is unit-root in F-Isoc^(X, X) is necessarily unit-root. To 
prove this, we may work locally. So we can take a surjective etale morphism Xq — > 
[X^Zy/^ with Xq G Sell. To prove the unit-rootness on (£^,\E'), we need to prove 
that, for any Y — > (X, Z)^/" with Y G Sch and for any perfect-field- valued point 
y — > Y of Y, the Newton polygon of the F-isocrystal {£y, "^y) on Ky = K <^w(k) 
W{k{y)) induced by {S,"^) has pure slope 0. Since we may check it etale locally 
on y, we may replace Y by Xq Xx Y. So it suffices to check it for perfect-field- 
valued points y — )■ Xq of Xq. Moreover, it suffices to check it for perfect-field- 
valued points y — )■ Xq of Xq which admits a surjective morphism of finite type 
Xq — > Xq. So it suffices to prove that the restriction of {£, to F-Isoc(Xq) for 
such Xq is unit-root. Since the restriction of {S,"^) to F-Isoc^(X, X) is unit-root, 
so is the the restriction of {£, ^) to F-Isoc^(Xo, Xq). Then, by |19], there exists an 
alteration Xq — > Xq such that the restriction of {£, \E') to -F-Isoc^(Xq, Xq) (where 
Xq := X Xq) extends to a unit-root object {S,"^) in F-Isoc(Xq). By the full 
faithfulness of F-Isoc(Xq) — > F-Isoc^(Xq, Xq), (£, \E') coincides with the restriction 
of {S, \E') to F-Isoc(Xq). So the restriction of {S, \E') to F-Isoc(Xq) is unit-root and 
so we have shown the equivalence fl3.20p . 

Let us prove the equivalences (13.211) . (I3.22p . The faithfulness of them follows from 
the equivalence (I3.10p . To prove the fullness, let us take {{£a)a,'^), {{Sa)a,'^') G 
Par-F-Isoc'°^(X, Z)o(-ss) and assume we are given a morphism / : {j^Sa,j^'^) — > 
(j^^o) J^^')- Then, by the equivalence (I3.10p . we have the unique morphism 

/ — ifa)a ■ i^aja ^ 

lifting /. Let us see that / is compatible with \& and \E''. Take any a = (oj) G Z^^-^ 
and take (3 = {f3i) with goj < /3j such that \E', induce morphisms \E'q : F*£a — > 
£l3, \E'^ : F*£'^ — y £'p. Under this situation, it suffices to prove the equality fpo'^a = 
o [F* fa). This follows from the equality 

and Proposition I1.18[ since the exponents of F*£a is contained in grQ((Z(p)/Z)''), 
where is as in the proof of Theorem 13.61 So we have shown that (I3.2ip , (I3.22p 
are fully faithful. To prove the essential surjectivity, let us take an object {£, \E') 
in F-Isoc^(X, X)(Xj^j/x)r(_ss) and define {£a)a ^ Par-Isoc^°^(X, Z)o(-ss) which is sent 
to £ as in the proof of Theorem 13.61 Then, for any a G Z^^^, we have the unique 
morphism \E'q, : F*£a — > £qa extending \E', by Proposition II. 181 On the other hand, 
for any a = {ai)i G Z^^-j, we have the unique morphism \E'~^ : £a — > F*£p extending 
when /3 = (A), G Z[p) satisfies A > (ai/g) + l, again by Proposition II. 18l Again 
by using Proposition IL18[ we see that \1/ = {^a)a, = (^Q^)a define morphisms 
as ind-objects which are the inverse of each other. So {{£a),'^) defines an object 
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in Par-F-Isoc'°^(X, Z')o{-ss) which is sent to {S,'^). So we have shown that fl3.2ip . 
f l3.22p are essentially surjective and so they are equivalences. The equivalence f l3.23p 
is the immediate consequence of the equivalence f l3.22p . □ 

Finally in this section, we prove a proposition which we need to finish the proof 
of Propositions [21281 121291 

Proposition 3.8. Let X be a connected proper smooth curve of genus over k, 
let Z (1 X be a k -rational point and let X = X \ Z . Let H be a subset of 'Lp 
which is (NRD) and (SNLD). Then, if (1 Z(p) is empty, the category lii^^ 

Isoc'°^((X, Z)^/", M(Y^)i/n)nS is empty. // S fl Z(p) consists of one element, the 
functor 

Isoc^°s((X, M(^^^)i/„)„s ^ Isoc^(X,X)^ VectK 

(n,p)=l 

{where S := Im(S + Z(p) ^ Zp — > Zp/Z) and the last functor is defined by S ^ 
B.om{j^O,S) with j'^O the structure overconvergent isocrystal on (X, X) over K) is 
an equivalence. 

Proof. By Theorem 13.61 it suffices to prove the same property for the category 
Par-Isoc'°*^(X, Z)s (the functor ([33D replaced by (l3A0|) l Let X^^ ^ 
Zk,X ^ Z,LNM(^^^^2k),? (? ^ ^p) be as in the proof of Proposition E^S 

Let us take an object £ = {£a)a £ Par-Isoc'°^(X, Then Sq, which is an object in 
Isoc'°*^(X, Z)E+([o,i)nZ(p)), induces naturally an object {E, V) in LNM(;^_2) 2+([o,i)nZ(p)) 
= LNM(-x^_2;jf),s+([o,i)nZ(p))- Then, by claim in the proof of Proposition I2.29[ there 
is no such object if (E + ([0, 1) fl Z(p))) fl Z is empty, that is, if S fl Z(p) is empty. So 
we can conclude that Par-Isoc^°^(X, Z)s is empty and we are done in this case. If 
S n Z(p) consists of one element, (S + ([0, 1) fl Z(p))) fl Z = {N} also consists of one 
element. Then, by claim in the proof of Proposition I2.29[ {E, V) is a finite direct 
sum of {0^^^{—NZK),d). So the restriction of (-E,V) (regarded as an object in 
LNMj^^^-) 2+([o i)nZ( ))) ^ strict neighborhood of Xk in Xk is a finite direct sum 
of the structure overconvergent isocrystal on {X,X). Hence the object S is sent by 
f l3.1Up to a finite direct sum of the structure overconvergent isocrystal on (X, X). 
So the functor 

Par-Isoc'°s(X, Z)^^ Isoc^(X,X)s Vect^ 

(the last functor is defined hj S Hom(j"l'C, £)) is an equivalence in this case. So 
the proof is finished. □ 

4 Unit-root F-lattices 

In this section, we will prove the equivalences ( 10. lip . f l0.12p and (10. 130 . To do so, 
first we recall the definition of unit-root F-lattices and recall how the equivalence 
of Crew (10.60 is factorized in liftable case. 
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Let Xo be a p-adic formal scheme smooth and separated of finite type over 
Spf W{k) endowed with a hft Fo : Xo — )■ Xo of the g-th power Frobenius en- 
domorphism on the special fiber Xo ^w{k) k which is compatible with {(j\w{k))* '■ 
SpfW{k) Spf W^(A;), and let us put X := Xo ®w(k) Ok,F := Fo ®(a\^^,^r cr* : 
X — ¥ X. Then an F-lattice (resp. a unit-root F-lattice) on X is defined to be a pair 
{S, (p) consisting of a locally free OAr-module S of finite rank and an isomorphism 
4) : {F*S)q £q in the Q-hnearization Coh(A:')Q of the category Coh(A:') of coher- 
ent (9;t'-Kiodules. (resp. an isomorphism : F*£ ^> S in the category Coh(A:') of 
coherent (9^- modules.) (An unit-root F-lattice on X is called a unit-root F-lattice 
on Xo/{Ok,o') in [9].) Let us denote the category of F-lattices (resp. unit-root F- 
lattices) on X by F-Latt(A') (resp. F-La.tt{X)°) . (Note that the same definition is 
possible even when Xo is a diagram of p-adic formal schemes smooth and separated 
of finite type over Spf W{k) endowed with an endomorphism Fo : Xo — > Xo as 
above. Note also that only the unit-root F-lattices are treated in this section and 
the F-lattices will be treated in the next section.) 

Let Xo, X, F be as above and let us put X := Xo ®vy(fc) k. Then, the equivalence 
(10. 6p of Crew is written as the composite of the equivalence of Katz ([T71 4.1.1], [9l 
2.2]) 

(4.1) Repo^,(vri(X)) ^ F-Latt(A')° 
and the equivalence 

(4.2) F-Latt(A')^ ^ F-Isoc(X)° 

proved in [S], where, for an additive category C, Cq denotes the Q-linearization of 
it. 

Let us recall the definition of (14.11) (cf. Section 2.2). Let p be an object in 
RepQCT (7ri(X)) and let J-' be the corresponding object in Smoj,(X). Let J-" be the 
object in Smoj^^X) corresponding to J-" via the equivalence Smoj,(A') = Smo^(X). 
Then F : X — X induces the equivalence F~^ : Smo-^iX) — ^ Smo-^iX) with 
F-\^) ^ ^. Then, if we define £ and by ^ := ^ Ox, 

^■.F*S = F-^? ®oj, Ox^? Ox = S, 

the functor (14. ip is defined as p (-)■ {S,(f)). In view of this, we see that (14. ip is written 
as the equivalence 

(4.3) Smo- (X) ^ F-Latt{X)°. 

(The choice of a base point in the definition of vri(X) is not essential.) Also, we see 
easily the functoriality of (14. ip . (14. 3p . 

Now we fix the notation to prove the equivalences (10. lip . (10. 120 and (10. 130 . In the 
following in this section, let X X be an open immersion of conntected smooth 
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fc- varieties such that X \ X =: Z = [Jl^^ Zi is a simple normal crossing divisor 
(with each Zi irreducible), and assume that we have an open immersion "—^ Xo 
of p-adic formal schemes smooth and separated of finite type over SpiW{k) such 
that there exists a relative simple normal crossing divisor Zo := IJi=i ^o,« '^o 
with Xo \ Zo = Xo, Xo ®w(k) k = X, Zo^i <^w{k) k = Z^. Assume moreover that 
we have a lift : {Xo,Zo) — > {Xo,Zo) (endomorphism as log schemes) of the 
g-th power Frobenius endomorphism on {X, Z) which is compatible with {cr\w{k))* '■ 
Spf 1^(A;) — > Spf W{k). Let us put X := (»w{k) Ok,X := X^ (^w{k) Ok,Z : = 
Zo^w{k)OK,Zi := Zo,i(^w{k)OK- Then {X,Z) admits the lift F := Fo(^(a\w^^^)* a* '■ 
{X, Z) — > {X, Z) of the g-th power Frobenius endomorphism on (X, Z) which is 
compatible with a* : Spf Ok — ^ Spf Ok- 

For a eN, let US_put {Xo,Zo)a ■= {P^o,a^Zo^a) ■= {^,2) <^W(k) Wa{k), Zo^i^a ■ = 

2o,i ®wik) Wa{k), {X,Z)a := {Xa,Za) := {X,Z) ^wik) Wa{k). As in Section 2, let 
Qx be the category of finite etale Galois tame covering of X (tamely ramified at 
generic points of Z) and for an object Y ^ X in Q^, let Y be the normalization of 
X in k{Y), let F"" be the smooth locus of Y and let Gy := Aut{Y/X). Then F 
admits naturally the log structure My associated to F \ F such that the morphism 
(y , My) — > {X,Z) is finite Kummer log etale ([I3]). Then this morphism admits 
a unique finite Kummer log etale lifts {yo^a, My^ J — > {Xo,Zo)a for a G N (hence 
the lift {yo,MyJ := lim^(3^o,a, J — ^ (Xo',Zo)) by [13, 2.8, 3.10, 3.11]. Let 
us put (y, My) := (3^o, My J ^w(k) Ok and let C y^,^"' cy he the smooth 
loci. Then the endomorphism Fo : (^"0,20) — > {Xo,2o) uniquely lifts to an en- 
domorphism Fo on {yo,MyJ and on (3^^ > '■= ^yjyl^)^ it induces the 
endomorphism F := Fo ® cr* on {y,My) and on (3/*™, := Myl^j^). So the 
category F-Latt(3^ )° of unit-root F-lattices on y is defined. 

Let us put {ya,MyJ := {y,My)®wik)Wa{k), {y^ ,My^) := (3^ ,My^)(i^w(k) 
Wa{k). Then Gy naturally acts on them and so we can define the fine log Deligne- 
Mumford stack ([D^a/Gy], Mj^^y^^]) as in Example I2.14[ As an open substack of it, 
we have the fine log Deligne-Mumford stack ([J^a^/Cy], Mj^fmy^^^]) for a G N and 
they induce the ind fine log algebraic stack {\y^"^ / Gy], M^^ /Gy]) lim_^([y^™/(jy], 
^[3^'"/Gy])- Note also that the endomorphism F on {y^"^,My^) induces the endo- 
morphism on ([J^'^^/Cy], M[ysmy(^y]), which we denote also by F. Then we define 

the category F-Latt([3^ /Gy])° of unit-root F-lattices on [3^ /Gy] as the category 
of pairs (£^,0) consisting of a locally free module £ of finite rank on \y /Gy] (= 
a compatible family of locally free modules of finite rank on \y^ / Gy] for a G N) 
and an isomorphism : F*£ S. It is equivalent to the category of objects in 
F-Latt(3^ )° endowed with equivariant action of Gy. By Katz' equivalence (14. ip 
for y , we have the equivalence 

(4.4) Repo. (7ri(r")) ^ F-Latt(y^'")°, 

and the left hand side is unchanged if we replace Y^^ by its open formal sub- 
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smf . , , , . ,=-=sm , =-rsm/ 



scheme Y with codim(y \Y ,Y ) > 2. Hence the right hand side is also 
unchanged if we replace y by its open formal subscheme y with codim(3^ \ 
y ,y ) > 2. Using this, we see by the argument in the proof of Proposition 12.161 

s tn s tn 

that the limit lim F-Latt([3^ /Gy])" is defined. Also, let Vect([3^ /Gy]) 

be the category of locally free modules of finite rank on [y^^^/Gy]- Then the limit 
Vect([3^ /Gy]) is defined when X IS a curve. 

On the other hand, we have the morphism Xo^a — > [^Wa(k)/'^mWa{k)\ defined 
by the log structure M-^^ on Xo,a associated to Zo^a and the natural homomorphism 
N'' — )■ M-^^ ^ = 0[^i r a i where N^^ ^ „ is the direct image to Xo^a of the constant 
sheaf on 2o,j,a with fiber N. Then we put (A'c^o)^" := '^o.a X[ 



Wwa(k)l'^m,Wa{k)\ ^oi n e prime to p, and put {Xo^ZoY^'' := lim (A'p, ZJ^". 
Then they admit a canonical endomorphism Fq which lifts the g-th power map 



^Wa(k)l"^m,Wa(k)\ " ^ JJiiiiic ^, dina puL v^i.o,^o; ■ •- Inn^v^Lo, ^o;a 

g-th 

on and which is compatible with {a\w{k))*- Let us put {X,Z)l,'^^ := 

{X, Z)l^^a ®w{k) Ok, {X, Zy/^ := \iuj.jX, Z'fJ,^ . Then it admits the endomorphism 
F := Fo® a* . Let Vect((A:', Z)^/") be the category of locally free modules of finite 
rank on (Af,^)^/" (= a compatible family of locally free modules of finite rank on 
(A:',Z)y") and let F-Latt((A:', Z)-*^/")" be the category of unit-root F-lattices on 
that is, the category of pairs (<£^,0) consisting of a locally free module E 
of finite rank on (A", 2)^/" and an isomorphism : F*E E. Then we have the 
limits 

lii^ Vect((:Y,Z)i/"), In^ F-Latt((:Y, 2)^/'^)°. 

(ra,p)=l (n,p)=l 

Then we have the following theorem: 
Theorem 4.1. Let the notations be as above. 
(1) There exists an equivalence 

(4.5) Repo. (7rl(X)) ^ In^ F-Latt([3^'"'/Gy])° 

{where RepQo^(7r*(X)) denotes the category of continuous representations of 
the tame fundamental group vr*(X) {tamely ramified at generic points of Z) to 
free OK-modules of finite rank) and an equivalence 

(4.6) lim F-Latt([3^'"'/Gy])^ ^ lim F-Isoc([F"'/Gy])° 

such that the following diagram is commutative: 

Repo. (7r*(X))Q ^ liS^y^xee* F-Latt([3;^"^/Gy])^ 



(4.7) 



Rep^.(7r*(X)) ™> lH$y^^,,. F-Isoc([r°^/Gy])°. 
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(2) There exist equivalences 

(4.8) lii^ F-Latt([3^'°'/Gy])° ^ lii^ F-Latt((:Y,Z)i/")°, 

(4.9) lii^ F-Latt((:Y,Z)i/")^ ^ lii^ F-Isoc((X, Z)^/")" 

(n,p)=l (n,p)=l 

which makes the following diagram commutative: 

^^Y^xeg^ F-Latt([3^^"/GK])^ ^ In^ F-Latt((:Y,Z)i/«)^ 



(4.10) El 



lh^^^^^^^F-Isoc([r"^/GK])° ^ lii^^^^^^^^F-Isoc((X,Z)V")o. 
/n particular, we have the equivalence 

(4.11) Repo. (7r*(X)) ^ lii^ F-Latt{(X, Zy/")" 

(n,p)=l 

which is defined as the composite (14. 8 p o (14.51) . When X is a curve, we have 
also a functor 

(4.12) lii^ Vect([3^°'/Gy])^ lii^ Vect((:Y,Z)^/"). 

y^xee*f {n,p)=i 

satisfying F- KWf ° = (TO . 

Proof. The method of the proof is similar to that of Theorem I2.18[ Proposition 12.231 
and Theorem I2.26[ as we explain below. 

Let Gy-Smo^ {Y ) be the category of smooth 0^-sheaves on Y endowed with 
equivariant Gy-action. Then we have the equivalence 

Repo. (7rJ(X)) ^ lii^ Gy-Smo^(r") 

(which is the integral version of (I2.20p and can be proved exactly in the same way). 
For m = 0, 1,2, let Y^ , be the (m + l)-fold fiber product of F ,3^ over 
[Y /Gy], [y /Gy] respectively. Then we have 2-truncated simplicial scheme F, , 
2-truncated simplicial formal scheme 3^, and we have the equivalence 



7sm> 

K 



hm Gy-Smo. (F ") ^ Smo^,, (Y^ 



ili^t for yl" 



lii^ F-Latt(y," 



F-Latt([y/Gy])°, 

Y^xeg^, 
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where the first and the third equivalence follow from the etale descent. By composing 
these, we obtain the equivalence fl4.5p . 

Let us denote the category of compatible family of objects in F-Latt(3^^ )q 
(m = 0, 1, 2) by {F-Latt(3^^)Q}m=o,i,2- (Note that this is not a priori equal to the 
Q-linearization F-Latt(3^, )q of the category F-Latt(3^, )° of unit-root F-lattices 
on 3^™.) Then the functor fl4.6p is defined as the composite of equivalences 

(4.13) lim F-Latt([3;'"/Gy])^ ^ lii^ F-Latt(3^r)Q 

— > lin^ {F-Latt(3C)Q}m=o,i,2 
^!^'^'= F-Isoc(r."^)° 

^ lii^ F-Isoc([F"/Gy])°. 

Y^xeg*^ 

The commutativity of the diagram (14.71) is the immediate consequence of the con- 
struction of the Crew's equivalence G (as the composite ( 14. 2p o ( 14. ip ) for F, and 
. Since (l4.5P (g and (I2.16P are equivalences, we see that (14. 6 p is also an equiva- 
lence. So we see that the the functor 



(4.14) Im^ F-Latt(y."%^ lin^ {F-LattCyr)^} 

Y^xegji Y^xeg*x 



m=0,l,2 



of the second line of (I4.13P is an equivalence. 

Next, let us recall that the functor F-Isoc([F"'/Gy]) — > F-Isoc((X, Z)i/") is 
defined as the composite 

F-Isoc([F"/Gy]) ^ F-Isoc(Fr) 
— > F-Isoc(F...) 

^ F-Isoc(X.) 
^ F-Isoc(X„) 

^F-Isoc((X, Zy/"), 



where Y^J^ ,U,„, X,, are as in the proof of Proposition 12.231 Since they are finite 
Kummer log etale over its image in (X, Z) with respect to suitable log structures 
associated to certain simple normal crossing divisors, we have the canonical lifting 
3^o ,Mo,m»m, mm them to p-adlc formal schemes smooth over Spf ly(fc) and they 
admit the endomorphism Fo which lifts the g-th power map on the special fiber and 
which are compatible with Fo on {Xo, Zo). If we put 3^, := y^^, ®w(k) OxMmmm '■= 

Wo,„. 0w{k) Ok and x',, := x'^,, ®w{k) Ok, they are smooth over Spf Ok and they 
admit the endomorphism F := Fo^a* which lifts the g-th power map on the special 
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fiber and which are compatible with F on (A*, Z). Hence we can define the sequence 
of functors 

(4.15) F-Latt([5^'"/Gy])° ^ F-Latt(3^r)° 

— > F-Latt(Z7.„)° 
^ F-Latt(:Y„)° 

^ F-Latt(:Y„)° 

^F-Latt((:Y,Z)i/")° 



(where the equality follows from descent property and the fact that codim(A:',, \ 
^..,^..) > 2). So we have defined the functor (g^. When X IS a curve, we can 
define the functor f l4.12p in the same way as above, noting the equality X = X in 
this case. 

In the following in this proof, we denote X„, X,, defined from (X, Z)^/", (A*, Z^/^' 

by X,, , A",, , because they depend on n. Also, let us denote the category of com- 

patible family of objects in F-Latt(A'^; )q (/c, / = 0, 1, 2) by {F-Latt(A'^; )Q}fc,i=o,i,2- 
Then the functor (14. 9 p is defined as the composite 

(4.16) lim F-Latt((:Y,Z)i/")^ ^ lii^ F-Latt(:Yl^^)^ 

(n,p)=l (n,p)=l 

— Y lii^ {F-Latt(A'fc"^)^}fc,z=o,i,2 

(n,p)=l 

— )■ lii^ F-Isoc(a„ ) 

(71,p) = l 

^ lin^ F-Isoc((X,Z)^/")°. 

(n,p)=l 

Then one can prove the commutativity fl4.10p easily, using the functoriality of (14. 2p . 

Finally we prove that the functor (14.80 is an equivalence. To prove this, it suffices 
to prove the equivalence (14. lip . Note that a part of the functors (I4.15P 

F-Latt(3^r)° F-Latt(Z7...)° ^ F-Latt(:Y„)° ^ F-haXt(X„y 
is rewritten via the equivalence (14. 3 p in the following way: 

(4.17) Smoj.(r.") Smo^^iU...) ^ Smo^(X„) ^ Smo^(X..). 

So it induces the funtor 

(4.18) hi^ Smo^(0-^ hm Smo^(xi^) 
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and using this, we can rewrite the functor (14. lip as the composite 

(4.19) Repo. (vrJ(X)) ^ lim Smo^(r.'") ^ lim Smo^(xi^) 

Y^xeg in,p)=i 

F-Latt(X^^^y ^ lii^ F-Latt((:Y,Z)i/")°. 

{n,p)=l (n,p)=l 



So it suffices to prove that the ffist hne 



(4.20) Repo^(7rl(X)) lin^ Smoj^XYT) ^ lim Smo^.(xi^ 

Y^xeg (n,p)=i 



of the functor (14.191) is an equivalence. By construction, the composite of the functor 
(I4.20p and the restriction functor 

(4.21) hi^ Smo.(Xi:^) -^Smo^(X..) 

(n,p)=l 

(X„ := XxyX^^'') is equal to the composite Repoa {ttI{X)) Rep^^ (7ri(X)) 
Smo^ (X,,), which is fully faithful. Also, it is easy to see that (I4.2ip is faithful. So 
(I2.68P is fully faithful. Also, it is obvious that any object p in Rep^tr (7ri(X)) which is 

sent to an object in Smo^(X,, ) C Smx^iX,,) is tamely ramified along Z. 

So the functor (I4.20p is an equivalence as desired and we are done. (As a corollary, 
we see that the functor 

(4.22) hi^ F-Latt(:Yi^)^ ^ lii^ {F-Latt(4f )^}-fc,/=o,i,2 

(ra,p)=l (n,p)=l 

of the second line in (14.160 is an equivalence.) □ 

As for the functor (I4.12p . we have the following result: 

Proposition 4.2. Let the notations be as above and assume that X is a {g,l)- 
curve, X is a {g, I') -curve {I' > I). Then the functor (I4.12p is an equivalence if 
{g, I, I') 7^ (0, 0, 1) and it is not an equivalence if {g, I, I') = (0, 0, 1). 

Proof. Recall that, in the proof of Theorem 12.281 we have defined the functor 

Isoc((X, Z)^/") ^ Isoc(X..) 

— y Isoc(y,„) 
^ Isoc(F..) 

^ IS0C(F.) = ISOC ([F/Gy]) 

in the case {g, I, I') ^ (0, 0, 1). (The notations are as in there.) In the situation here, 
we have the natural lifts X,,,y,,,,y„,y, of X„,Y,,,,Y,,,Y, to p-adic formal 
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schemes smooth over Spf Ok (as in the proof of Theorem 14.11) and we can define in 
the same way the functor 

Vect((:Y,Z)i/") ^Yeci{X„) 
Vect(j)„.) 
^ Vect(3^..) 

^Vect(3^.) = Vect([3^/Gy]) 

inducing the functor 

lim Vect((:Y,Z)^/") ^ Ih^ Vect([3^/Gy]) = In^ Vect([y'"'/Gy]), 

(n,p)=i Y-^xag]^ Y^xegj^ 

which gives the inverse of fl4.12p . 

Let us consider the case {g, I, I') = (0, 0, 1). In this case, we have 

Ih^ Vect ( [y'^^/GY] ) = Vect (X) . 
On the other hand, if we define the diagram 

and t as in f|2.75p with > 2, we have 

Vect((:Y,Z)V") = Vect(A') Xvect([v(")/^„]) Vect([W("V/in]) 

(see [3]) and this contains an object of the form £ = {£q, £i, l), where Sq = Ox, £i = 
tOif(n) endowed with the action ( - t = (t (^ G /i„) of /i„ and l is the /i„,-equivariant 
isomorphism £^i|v{n) = tO^(n) Oy(n) = £o\v(")- Then the image of S in the 
category Vect {{X, Zy^'^) for any n\m does not come from an object in Vect(A') 
because £i\u(m) = f^^^Oi^im) is not locally generated by /i^-invariant sections. Hence 
the functor (14.121) is not essentially surjective in this case. □ 

Next we define the notion of parabolic vector bundles and parabolic (unit-root) 
F-lattices on {X,Z). 

Definition 4.3. Let {X, Z) he as above. 

(1) A parabolic vector bundle on {X, Z) is an inductive system {Sa)a&''^ ^ of vector 

bundles on X {we denote the transition map by Lap : — > £p for a = 
{ai),/3 = (/3j) G Z'/ ^ with ai < (3i (Vz)) satisfying the following conditions: 
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(a) For any 1 < i < r, there is an isomorphism as inductive systems 

{{£a+ei)a, ( Wei,/3+eJa,/3) — {{£a{Zi))a, ('■a/3 ® id)^,/?) 

via which the morphism {ia,a+ei)a '■ (^a)a — > (^a+eja is identified with 
the morphism \d®LQ^_ : {£ct)a — > {^a{2^i))a, where Lq^_ : C^p 0-^{Zi) 
denotes the natural inclusion. 

(b) There exists a positive integer n prime to p which satisfies the following 
condition: For any a = (aj)j, is an isomorphism if we put a' = 
{[nai]/n)i. 

(2) A parabolic F-lattice {resp. a parabolic unit-root F-lattice) on {X, Z) is a pair 
((£^a)agz[pj5 ^ := (^a)aezj:pj) consisting of a parabolic vector bundle {£a)aez^^^^ 
on {X, Z) endowed with morphisms : {F*Sa)Q — > ^qa,Q in the cate- 
gory Co\i{X)q {resp. '■ F*£a — > £qa in the category Coh.{X)) such that 
lir^^^^ : \u^JF*S^)q — > \u^^£a,Q {resp. Iji^^ : lir^^F*£^ — > lil^a*^") 
is isomorphic as ind-objects. 

For a := {ai)i G Z^^^, let O^iJ^iO^i^i) ■= (C^A^d^i "i^i)/?)/? be the parabolic 
vector bundle on {X,Z) defined by 0^(^-aiZi)i3 := 0^{J2i[(^i + where 
P = Using this, we define the notion of locally abelian parabolic vector bundles 

and locally abelian parabolic (unit-root) F-lattices on {X,Z). (This terminology is 
essentially due to Iyer-Simpson [H].) 

Definition 4.4. A parabolic vector bundle {£a)a on {X, Z) is called locally abelian 
if there exists a positive integer n prime to p such that, Zariski locally on Xn : = 
X^OKOKlfJ'n], {£a)a\x„ ^tts thc form ^'^^-^^ 0^{Y,i ^ij ^i)]^^ for somc ttij G ^Z{1 < 
i < r,l < j < fi) . A parabolic (unit-root) F-lattice {{Sa)a, ^) is called locally abelian 

if so IS {£a) a- _ 

We denote the category of locally abelian parabolic vector bundles on {X, Z) by 
Par-Vect(A:', ^), the category of locally abelian parabolic F-lattices on {X,Z) by 
Par-F-Latt(A:', 2^) and the category of locally abelian parabolic unit-root F-lattices 
on (X,Z) by Far -F-Latt(X,Z)°. 

Then we have the following theorem. 

Theorem 4.5. Let {X, Z) be as above. Then there exist equivalences of categories 

(4.23) a: lii^ Vect((:Y, Z)^/") ^ Par-Vect(:Y, Z), 

(n,p)=l 



(4.24) lii^ F-Latt((A',Z)^/")° Par-F-Latt(A',Z)' 

(n,p)=l 

(4.25) lir^ F-Latt((^,Z)^/") ^ Par-F-Latt(:Y,Z). 

(n,p)=l 
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In particular, we have the equivalence flO.lSp defined as the composite 



Repo. (7r*(X)) ^ lim F-Latt((A', 2)^/")° ^ Par-F-Latt(A', 

(n,p)=l 

Proof. The proof of the equivalence ( 14.231) we give below is essentially due to Iyer- 
Simpson |14j. (See also Borne [3], [1].) 

Let us fix n G N which is prime to p. Then, we have the inductive system of line 
bundles 

"*^*))a=(a,),G{^Z/Z)'- 

i 

on {X,ZY^^ (see [m p. 353]). (Here we give a definition using log structure: It 
suffices to define the inductive system of line bundles {0{^-aiZi)a)a={ai)i^(^z/zY 
on {X, Z)a^^ (a G N) which are compatible with respect to a. Let Y — ^ {X, Z)a^"' 
be a surjective etale morphism from some scheme Y. Then the composite Y — ^ 

(A*, 2)a ^ (A^o-^o 

P_j_ [A^^(^^^/GJ^ ^^^^^-j] corresponds to a log structure 

M -4 on Y and a morphism 7 : N** — )■ M := M/ which is liftable to a chart 
etale locally. Take Y etale local enough so that 7 is lifted to a chart 7 : N'' — i- M. 
Let us put y := F X ^-^ ^^i/„ F and denote the j-th projection Y' — > Y by ttj. Then, 

for a := {ai)i G {^Z/Zy, take a+ := (a+i)i, a_ := («-,«)» in (^Z/Z)'' with a = a+- 
a_, > (Vz) and define the line bundle 0(^j (y-iZi)a by patching the trivial 

line bundle Oy on F by the isomorphism tt'^Oy T^lOy defined by the section u G 
r(y,Cy,) satisfying M7r^(7(na_))7r2(7(na+)) = nl(j{na+))7i2{'y{na-)). For a = 
{ai)i,P := {(3i)i in (iZ/Z)"" with < /3i (Vi), the homomorphism 0(}2i<^i2^i)a — > 
0{J2i PiZi)a is defined as the multiplication hj ip o 'y{n{f3 — a)) on Y.) 

For an object £ in Vect{{X, Zy^^) and a = (a^), G Z'^^^, let us define a(£^)a := 

7r*(£® C^(^^([nQ;i]/n)Zj)), where vr denotes the morphism {X, Zyl^ — \ X . Then 
a(6^) := (a(£^)Q,)Q, forms an inductive system of sheaves on X. 

Let us examine the local structure of a(£^). Let us take an affine open formal 
subscheme U. = Spf i? C Xn := X ®Ok such that U Zi is defined as 

{ti = 0} for some (1 < < r), and let us put U^"'> := Spf R[si]i<i<r/{s^ — ti)i<i<r, 
Z^^ := {sj = 0} and let us denote the natural morphism W*^"-* — lA by 7r*^"\ Then 
G = /ij^ = {Z/nZy naturally acts on Z//*^"^ (as the action on Sj's). Let us take a closed 
point X oiU and put x*^"^ := (Z//*^"^ x^^ a;)red- Then G acts naturally on x^"^. For a 
character ^ : G — )■ let 0^(n) (^) be the structure sheaf 0^(n) on x'^"^ endowed with 

the equivariant G-action by which g E G acts as g*0^(n) 0^(n) 0^(n). Then 
it is easy to see that the restriction £\rc{n) of £ to x*^"^ has the form 0^=i (0) 
some characters : G — > /in (1 < j < Z^)- Note that, for a character ^ : G — i- /i„, 
we can define the sheaf Ouin) (^) on W^"-* endowed with an equivariant G-action in the 
same way as 0^(n){^). Now let us put J-" := (Bj=iOu(n){^j) and let uq ■ T — > £\u{^) 
be any (9^(„) -linear homomorphism which lifts the canonical isomorphism = 
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£|j{n). Then u := J^gecd ^'^oQ gives a G-equivariant Cj^{n) -linear homomorphism 
lifting the isomorphism J-'|j(n) = £\^{n). Hence there exists an element fx € T{U, On) 
with X & {fx 0} =: Ux ^ U such that u is isomorphic on Z^i"'' := tt''"'^'^^{Ux). Then 
we have 

i i 

i i 

and we can check that there exists some aj = {aji)i G {^'^Y (1 < j < /i) such that 
the above inductive system is isomorphic to 

i i 

Hence {ai{£)a)a is a locally abelian parabolic vector bundle on {X,Z). The full 
faithfulness of the functor a can be checked locally and hence we may check it for 
the objects of the form = (Bj=iOij(n){^j), and it is easy in this case. The essential 
surjectivity can be also checked locally and so it is enough to check it for the objects 
of the form C^:^(X]i which can be easily seen. So we have proved the 

equivalence (I4.23p . 

We give an explicit quasi-inverse functor 

b : Par-Vect(:Y,Z) ^ lii^ Vect{(X, Zy^") 

{n,p)=l 

in the following way, as in [3], For an object £ := {£a)a in Par-Vect(A:', Z), take 
n G N prime to p as in Definition 14.31 (l)(b) and let h{£) be the coend of the family 
{0{J2i ® ^*^6}a=(ai)i,f'6(-z)'-> ^^at is, the universal object in Vect((A', Z)^/^) 

which admits morphisms 

fa■.0{Y,-(^^Z^)®^^*£a^h{£) 

i 

for any a = {ai)i G {^'^Y making the diagram 

fa 

0{Z,-hZ,)^n*£b h{£) 

commutative for any a = {ai)i,b = {hi)i G {^'^Y with > bi (Vi): The existence of 
such object and the base change property for flat morphism are checked rather easily 
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for the objects of the form (see |3l 3.17]), and this imphes the 

existence in general case by descent. We can construct the morphism aob — > id in 
the same way as ^ 3.18] and check that this is an isomorphism by looking at locally 
and arguing as [H 3.17]. By looking at the proof in [Sj 3.17], we see the following two 
facts: h{£) is in fact the coend of the family {0(^^ ~'^i^i)®^*^fe}a={ai)i,6G{-zn[o,i))'-' 
since so is it when £ has the form Cdj^i)- Also, we see that, when £ 

has the form 0^{'^^aiZi), there exists some a G (-Z n [0, l))*" such that fa is an 
isomorphism. By the former fact, there exists the canonical map 

(4.26) h{£) ^ C ® 7T*£i = n*£i 

and it is injective because, when £ has the form 0^{Y^- aiZi), the first map in fl4.26p 
is identified with the map 0{- ^. aiZi)(g)TT*£a ^ 0®ti*£i for some a G (^Zn[0, 1))^ 
by the latter fact above. 

Now we define the functors (S21, (S^S]). Let {£, ^) be an object in F-Latt((^, Zf''' 
Then we define the morphisms \E'q, : F*ai{£)a — > ai{£)qa as the composite 

(4.27) F*a.{£)^ = F*7r,{£ ® 0^(J2^[na,]/n)Z,)) 

i 

7r,F*{£ ® 0^{J2{[nai]/n)Z,)) 

i 

A n,{£ ® 0:^iJ2{q[na,]/n)Z,)) 

i 

u{£ ® Oj^(Y^{\nqai]/n)Zi)) = a{£)qa- 



When {£,^) is an object in F-Latt{{X, Zy^"'), we can define the morphisms \E'q, : 
{F*a{£)a)Q — > {a{£)ga)Q in the same way. 

Let U, ti be as above. We prove that the map a\u is injective and the cokernel 
of it is killed by some power of := YYi=i^i- To see this, it suffices to prove the 
same property for the first arrow in fl4.27p . and we are reduced to showing the same 
property for the map 

i^*vrW(0^(„)(^Mzf ))) 7r(")F*(0^(„)(5;][na,]zf ))). 

i i 

Let us put A := R[si]i<i<r/ (s" — tj)i<i<r, c := ni=i ^ Frac A. Then the above 

map is rewritten as 

(4.28) R^f',rcA — yF*{c)A; r^x^rF*{x), 

where F* : R — > R,F* : A — > A are the homomorphisms induced by F on 
{U,Z f] U) and (W'-"-*, U-'^^^Z-'-"'^). Let us first prove the injectivity of the map 
(14.28p . By assumption on F, we can write F*{si) = s\ui for some Mj G 1 + 
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iTix^ (1 ^ i ^ r). 1 (g) cs™ for m = (mj)i<j<r G {0,...,n — l}*" forms a basis 
of R ^F*,R cA as i?-module and they are sent to F*(c)s^™'m™'. Noting the fact 
that gm's are mutually different modulo n and the fact G 1 + m^^, we see 
that F*(c)s^™M™'s are linearly independent over R. Hence the map fl4.28p is in- 
jective. Prove now that the cokernel of fl4.28p is killed by a power of t^. For 
J = Ui) G {0, ...,q- l}^ choose N{j) = {N{j).i)i, M{j) = (M(j)i)i e such that 
j + nN{j) = qM\i). Then {F*(c)s%^(^)}j generates F*{c)A over RF*{A), where 
RF*{A) denotes the -R-subalgebra of A generated by F*{A). So it suffices to prove 
that the image of each Coker fl4.28p is killed by a power oft^ Noting 

that t^(j)F*(c)s%^^(-') = F*(c)(s«^(-')m^(J)) = F*{cs^^^i^) is in the image of fOSD . 
we see that the image of each F*(c)s%^'^(^) in Cokergi^HD is killed by {t^)^^^j.N{i)i 
and we have the desired property. 

Now we prove the claim that lim ^ ^ is an isomorphism as morphism between 

ind-objects. Here we will work only in the case 8 G lin^^^^^^ ^ F-LattffA", Z)-*^/")", 
because the proof in the case £ G lii^^^^^__^ F-Latt((A', Z)^/") can be done ex- 
actly in the same way. To prove the claim, it suffices to define the morphism 
^' : lii^ 3i{£)a — > Ih^ F*ai{£)a which is inverse to lii^ ^ a- By the injectivity of 
\I/q,'s proven above, it suffices to work locally. Let us take x G a(£^)Q with a = {ai)i 
with > 0. Then there exists some N & W (which depends only on a) such that 
{t^)^x, regarded as an element of SL{S)ga, is in the image of "^a- If we take M, L G N 
such that qM — N = L, we see that the element u{t^)~^x in a(£^)q(Q,_|_Mi) for some 
u G 1 + rnxO^ can be written as '^a+Mi{y) for some y G F*a(£^)a+Mi- Then we 
can define by '^'{x) := u~'^t^ ® y G F*SL{£)a+M\ ^ lin^^ F*a{S)a. It is easy to 
check that this is the inverse of lim^^^Q. Therefore Ih^^ is an isomorphism 
as morphism between ind-objects, as desired. So (a(£^), {^a)a) defines an object in 
Par-F-Latt(^, and hence we have defined the functors (14.241) . fl4.25p . 
Next we define the functors 

(4.29) Par-F-Latt(:Y,Z)° — > Ih^ F-Latt{(X, ZY^'^y , 

(n,p)=l 

(4.30) Par-F-Latt(:^,Z) — > Ih^ F-Latt((:¥, Z)^/"), 

(ra,p)=l 

of the converse direction. Since the construction is the same, we explain only the 
construction of (14.291) . Let {S := {Sa)a, (^a)a) be an object in Par-F-Latt(A', Z)°. 
Then the maps 

(4.31) F*0{Y^ -aiZi) (g) F*n*Sb — > C(^ -qatZi) ® n*F*Sb 

i i 
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induced by induces, by taking coend, the morphism \t' : F*h{S) — > h{S). f l4.26p 
induces the commutative diagram 

F*h{S) F*n*S, 



h{S) > n*£, 



(where the lower horizontal arrow is the composite h(£) -k*£i '^*Sq) and 
since the horizontal arrows and are injective, \1/ is also injective. Let us prove 
the surjectivity of To do so, we may work locally. Let us take any xq G h{£). 
When S has the form 0{^^ OLiZi), xq is a sum of elements of the form /^(/i ® tt*x) 
for some fixed c G {^'L/'LY since we can take /c to be an isomorphism, and since 
we have fc{h ® tt*x) = fc+m{ht"^ ® Ti*t~^x) for m G Z^', we can change c in order 
that c has the form qa. In general case, we see from this observation that Xq is a 
sum of elements of the form fqa{h ® 7t*x) {a also varies this time) etale locally. So, 
to prove the surjectivity, we may assume that Xq = fqa{h ® tt*x). Then there exists 
some N & W such that {t^)^ x is in the image of ^a- If we take M, L G N such that 
pM — N = L, we see that the element u(t^)~^x in £q[a+Mi) for some m G 1 + mxO-p^ 
can be written as ^a+Mi{y) for some y G F*£a+Mi- Then Xq is equal to the image 
of u-^{t^)^h (g) Ti^uit^Y^x) G 0{Y,^-q{ai + M)Zi) ® n*£g(a+Mi) which is in the 
image of \E', by definition of it. So is an isomorphism and so {h{£), defines an 
object in F-Latt((^, 

We see that the functor (14.291) (resp. (I4.30p ) is the inverse of the functor (I4.24p 
(resp. (I4.25P ) using the fact that the (parabolic unit-root) F-lattice structure is 
determined by the underlying structure on (parabolic) vector bundle structure and 
the morphism on X = X \ Z. So we have shown that the functors (14.240 . (I4.25P 
are equivalent and hence we are done. □ 

Remark 4.6. By Corollary 13.71 Theorem 14. II and Theorem 14.51 we have the equiv- 
alence 

(4.32) FaT-F-Latt(X,ZyQ^ F-Latt((:Y, Z)^/")^ 

(n,p)=l 

^ lim F-Isoc((X,Z)^/")° 

(n,p)=l 

^Par-F-Isoc'°s(X,Z)°.3„ 

which is a parabohc version of (14. 2p . Therefore, an object {{£a)a, (^q)^)^ in the 
category Par-F-Latt(A', Z)q (here, for an object A in an additive category C, Aq de- 
notes the object A regarded as an object in Cq) is sent to an object in Par-F-Isoc'°^(X, Z)q_, 
which induces an inductive system of log-V-modules {£'a,^a)a on {Xk,Zk) en- 
dowed with horizontal isomorphism : lim F*£'^ — > lim £'^ of ind-objects. 
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Note that the Q-hnearization of the category of coherent sheaves on X is equiv- 
alent to the category of coherent sheaves on X^- We prove in this remark that, in 
these equivalent categories, {Sa)a,Q is equal to {S'^)a as inductive systems and that 

Suppose first that we have shown the equality {Sa)a,Q = (^a)a- Then, for any 
a G Z^p^, there exists some /3 G Z^^-j such that both \E'a,Q, \E'' define morphism of the 
form F*Sa,Q — > ^PM- Then we have \E'a,Q|A' = ^'\x because they are equal when Z 
is empty (which follows from the definition of fl4.2p ). and this equality implies the 
equality '^a,Q = ^' as morphisms F*£a,Q — > ^PM- Hence we have lii^^ ^a.Q = 
So, to prove the claims in the previous paragraph, it suffices to prove the equality 
(^a)a,Q = {^'a)a iuductive systems. 

Take a chart {Xq, for (X, Z) in the sense of Section 2.3 which is smooth 

over k[fin] and let {X,, Mj^J, (X„,M^^J be the simplicial semi-resolution, the 
bisimphcial resolution of (X, Z)^/", respectively. Let (A'o,,, J, (A:'o,„,M^^^J 
be the log etale lifts of (X,, J, (X„, Mj^^ J over (A'o, Zo) and let us put {X,, Af^J 
:= (Xo^„M^J 0wik) Ok, (X,„M^J := (X,^,.,M^^ J 0wik) Ok- Then M;^.. is 
associated to some (2, 2)-truncated bisimphcial relative simple normal crossing di- 
visor Z,, = [Jl^i Z,, i compatible with transition maps. (Here Z,, i is characterized 
as the smooth subdivisor of Z„ which is homeomorphic to the inverse image of Zi.) 
Let us put X, := X x-^ X,, X„ := X X„. Let us denote by NMI^ (resp. 

NMI; ^, NM^ the category of locally free j^C;^^-modules (resp. J^^x.k' 
modules, J^C^:^.. ^-modules) of finite rank endowed with integrable connections, 
where j denotes the morphism X^ ^ X k (resp. X, k ^ ^•,k, ^••,k ^ 
Let us denote the restriction of {Sa)a to X, by {Sa,m)a and the restriction of {£'^, V^)q, 
to X,^K by {£'^ ,, ,)q,. By rigid analytic faithfully fiat descent, it suffices to prove 
the following: Via the equivalence between the Q-linearization of the category of 
coherent sheaves on X, and the category of coherent sheaves on X,^x, we have the 
equality i£a,.)a,Q = 

Suppose that ((f„)„,^) is sent to {£",^")q G F-Latt((^, Z)^/")^ by the first 
functor of (14.321) . Let us consider the diagram 

(4.33) F-Latt((:Y, ZY^Yq ^ F-Isoc((X, Z)^/")° Par-F-Isoc'°s(X, Z)o-ss 

induccdb^M igo,t(x,X) ^ NM^^ NM^.^^, 

where the first two functors are induced by the second and the third ones in (I4.32p . 
Then, by definition, {£", is sent by ( 103ll to j^(^4,„ V'^,,). By definition of the 
functors in f l4.33p . it is rewritten as 

(4.34) F-Latt((:Y,Z)i/")^ 

^ F-Latt(:Y. x^(X,Zy/'')° ^ F-Latt(^..)^ mjor^x.. p_i^^^(Y^^y 
^ Isoc(X..) Isoct(X..,X.,) Isoc^(X.,X.) NM^^^. 
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Furthermore, by the definition of the inverse of (12.511) given in (12.521) . the composite 
Isoc(X„) — > NMj^,^ ^ in fOIjl is rewritten as 

Isoc(X..) ^ NM^ ^ NM^ ^ NM^. , 

where the last functor g is defined as follows: An object E,, in NM^ , regarded 
as an object E,o in NMI, endowed with an equivariant fi^'^^^ -action, is sent to 

r{»+l) 

(tt^^E'.o)^" , where tt is the morphism X,o — y X,. Then, for any a G Z^^^, this is 
rewritten as 

(4.35) Isoc(X.,) ^ NM^^^ ^ ^ LNM^^^ ^ 

-A LNMy ^ NM4 , 

where fa is the functor — ®o-^ (X]i=i[^'^j]^»»,«) (endowed with canonical ex- 

tension or restriction of the connection) and g' is defined as follows, as in the case 
of g: An object E„ in LNM^^^^^,, regarded as an object E,q in LNM;^^^^ endowed 

with an equivariant /in '^^''-action, is sent to (vr^.E'.o)'^" 

Now let us assume that the object (£^", \1/")q G F-Latt((A:', 2)-*^/")^ is sent by 
the first two functors in fOD as {£" ^ (^r> ^'.')q ^ (C>^'.'.)q- First, by 
definition of £" , we have £a = a[S")a and the functor a is compatible with etale 
localization. So we have 

(4.36) Sa,. = a(Oa = vr.(Co ® C)7f.o(E[^"J^«0'^))''" *^''- 

i 

The image of {S'J,, \I/',',)q by the functor 

F-Latt(:Y,.) — > F-Isoc(X..) — > Isoc(X.,) — > NM^^^ ^ 

(where the first two functors are as in (14.341) and the last functor is as in (I4.35P ) has 
the form V„), by definition of Crew's functor (14. 2 p which is given in [9]. If we 

apply the functor g' o fa, we obtain an object in LNM^^ ^ of the form ((£^q,,)q, Vq,,) 
by definition of the functors /«, (?' and (I4.36p . Hence we have 

(4.37) /((^«,.)q,V„,.)=J^(^^;.,V'„,.). 

By (I4.37p . we see that i^{{£a,»)Q, V^,,) comes from an overconvergent isocrystal. So 
((^^o,«)q5 Va,,) defines an object in Isoc'°^(X, {X,Z)). Since there exists the 
canonical morphism of functors /„ — )■ fi3 for a = (ai)i, /3 = with < /3j (Vi), 
we see that ((£^«,.)q, Vq,,,) for a G Z(p) form an inductive system, and it is easy 
to see from the definition of /^'s that it is a parabolic log convergent isocrys- 
tal. Moreover, Since V„) has exponents in with semisimple residues, 
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Q, V„) has exponents in 111=1 {"['^'^j]} with semisimple residues, and then 
we see that ((i^Q,,)Q, Vq,,,) has exponents in ni=i{~''^^ + ^|0<j<ra — 1}C 
111=1 ( ["O;*' + 1) I^^Cp)) with semisimple residues. Hence {{Sa,,)Q,'Va,»)a forms 
an object in Par-Isoc^°^(X, {X, Z))o.ss. Since so is (^^q,, V^,) and we have the 
isomorphism fl4.37p . they are isomorphic by the equivalence f lS.lOp . So we have the 
desired isomorphism {Sa,m)a,Q = {^'a 



5 Unit-rootness and generic semistability 

In this section, we prove several propositions which give interpretations of unit- 
rootness in terms of certain semistability called generic semistability, and prove the 
equivalences f l0.14p -( 10.23p . The proof uses the results in [18], [8] and [9] and the 
constructions up to the previous section. 

First let us give a review on some results proven in [18], [8] and [9]. (We also 
give a slight generalization of them which we need in this paper.) In this section, 
let TT be a fixed uniformizer of Ok- For a perfect field / containing k, we put 0{l) : = 
W{1) ^w(k) Ok, K{1) := FracO(Z). We denote the endomorphism Fo<^a (where 
is the endomorphism on W{k) lifting the g-th power map on /) on 0{l) by F, and 
denote the induced endomorphism on K{1) by the same letter. An F-isocrystal on / is 
defined to be a pair {E, consisting of a finite dimensional (/)-vector space E and 
a F-linear endomorphism \Ef. Then, by Dieudonne-Manin classification theorem, any 
F-isocrystal {E,"^) has the decomposition {E,"^) := (BxeqiEx,"^ \) as F-isocrystals 
such that, for each A = a/b, E ^k{i) K{1^^^) has a basis consising of elements e with 
^'^(e) = n"-. The Newton polygon of {E, \E') is the convex polygon defined as the 
convex closure of the points {J2x<u -^a, J2\<iy ^ -^a) £ Q) in the plane M^. 
(So it has the endpoint (dimii^, Adim_EA))- For an F-isocrystal {E, "if) ^ 0, we 
A dim E\ 

put uiE) := — — . We say that the Newton polygon of (E,'^) has pure 

dimi? 

slope A when it is the straight line connecting (0,0) and (dim E', A dim i?). 

For a fine log scheme (X, Mx) separated of finite type over k, an object {S,"^) G 
-F-Isoc(X, Mx) and a perfect valued point x = SpecZ — > X, we can pull back 
(£^, \&) by X to an object of the category of convergent F-isocrystal on {x,Mx\x) 
over (Spf 0(Z), W^(Mx|a;)|specO(o) (where W{Mx\x) denotes the canonical lift of the 
log structure Mx\x on a; = Spec / into Spf W{1)), which is canonically equivalent to 
the category of F-isocrystals on I. We denote this object by x*{S, $) or {x*£,x*'^). 
We call the Newton polygon of x*{S, \E') the Newton polygon of {£, \E') at x and we 
put fix{£) ■■= fi{x*£). 

Next, let X be a smooth scheme separated of finite type over k and assume 
that it is liftable to a p-adic formal scheme Xo separated smooth of finite type over 
Spf W{k) which is endowed with a lift Fo : Xo — )■ Xo of the g-th power Frobenius 
endomorphism on X compatible with (cr|vK(fc))* '■ Spf W{k) — )■ Spf W{k). Let us 
put A" := A'o O Ok, F := Fo ® a* : X — > X. Then the category F-Latt(Af) of 
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F-lattices on X was defined in tlie beginning of tlie previous section. Also, we define 
tlie notion of F-vector bundle on as a pair [S, of a locally free (9;vf^-module 
S endowed with an isomorphism : F*S ^> S. (It is called a rigid F-bundle in 
[ST].) We denote the category of F- vector bundles on Xk by F-Vect(Aii-). Note 
that, via the equivalence Coh(A')Q ^> Coh{XK), we have the canonical inclusion 
F-Latt(A')Q F-Vect(A:j^). (We do not know whether they are equal or not.) 
When we are given an object (^, G F-Vect^Xx) and a perfect valued point 
X = Spec/ — > X, we have the canonical lift 0{x) := SpfO(/) — > X and so we 
have the map Spmi^'(a;) — y Xk- If we pull back {S, \E') by this map, we obtain an 
F-isocrystal on I, which we denote by x*{S, or {x*S, x*\I'). Also in this case, we 
call the Newton polygon of x*{S, the Newton polygon of {S, \E') at x and we put 
fi^{£) := iJ,{x*£). 

Assume moreover that there exists a fine log structure Mx on X, Mx on X on X 
with Mx\x = Mx and that F induces the endomorphism F : {X, Mx) — {X, Mx) 
lifting the g-th power Frobenius on {X,Mx)- Then, by definition, we have the 
commutative diagram 

F-Isoc(X,Mx) > F-Vect{XK) 



(F-isocrystals on /) ^=^= (F-isocrystals on I), 

where the top horizontal arrow is the functor of realization at {X, Mx)- It is easy to 
see that, for a fixed object {£, \Ef) in F-Isoc(X) or F-Vect^Xx) , the Newton polygon 
of {S,"^) at X and fix{S) for a perfect field valued point x — > X depends only on 
the image of x in X. Hence we can speak of the Newton polygon of [S, \I') at x and 
the value ^x{£) at any point x of X. 

Now let us recall several results on F-lattices which are due to Grothendieck, 
Katz and Crew. The first one is Grothendieck's specialization theorem ([HI 2.3], [H 
1.6]: 

Proposition 5.1. let X he a smooth scheme separated of finite type over k and 
assume that it is liftable to a p-adic formal scheme Xo separated of finite type over 
SpfW{k) which is endowed with a lift Fo : Xo — > Xo of the q-th power Frobenius 
endomorphism on X compatible with (cr|p^(fc))* : SpfW{k) — > SpfW{k). Let us put 
X := Xo® Ok, F := Fo ® cr* : X — )■ X, let {£, \E') be an object in F-Latt(A:')Q and 
let P be a convex polygon. Then the set of points of X at which the Newton polygon 
of {S, \E') lies on or above P is Zariski closed. 

The next one is the Constance of /ix(^) \Bi 1-7]: 

Proposition 5.2. Let X, X, F be as above and suppose that X is connected. Then, 
for a non-zero object {S, \I') in F-Latt(A:')(Q, fJ^xi^) 'is the same for all points x of X . 
{In this case, we put ji{£) := fix{S).) 
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The next one, which is a weaker form of [18, 2.6.2], is a 'generic' Newton filtration 
theorem: 

Proposition 5.3. Let X, X, F be as above and let {S, be an object in F-L8itt{X)iQ 
such that its Newton polygon at x & X is not a straight line {has a break point) 
and independent of x G X. Then, on an dense open formal subscheme U of X , 
(£, admits a non-trivial saturated subobject {S',"^') with ^{£') < {Where 
a subobject {£' ,'^') of {£,'^) is called saturated if the quotient {£/£', (\E' is the 
morphism induced by is again an object in F-Latt{X)Q.) When £q is endowed 
with an integrable connection for which \E' is horizontal, Vj^:^ defines an integrable 
connection on £q for which is horizontal. 

The next proposition, which is shown in [9l 2.5.1] and |8l 2.3], fills a possible gap 
in the inclusion F-Latt{X)Q ^ F-Vect(AV) generically: 

Proposition 5.4. Let X, X , F be as above and assume that X is affine. Then, for 
any object {£,'^) in F-Vect{XK) , there exists an dense open formal subschemeU of 
X such that {£,'^)\i( G F-Yect{XK) is contained in F-Latt(W)Q. Moreover, in the 
case where dimX = 1, we can take U = X . 

With more strong condition on the Newton polygons, we have the following 
result, which is proved in [9, 2.5.1-2.6]: 

Proposition 5.5. Let X, X, F be as above and assume that X is affine. Let {£, \E') 
be an object in F-Vect(Ai^) such that, for any point x E X , the Newton polygon of 
it at X has pure slope 0. Then there exists a unit-root F -lattice {£o, \E'o) on X with 
{£o,^o)q = {£,^)- 

Using the above results, we see the following proposition, which is a kind of 
specialization theorem for log convergent F-isocrystals. 

Proposition 5.6. Let X X be an open immersion of connected smooth k- 
varieties such that Z = X\X is a simple normal crossing divisor, and let {£, \E') be 
an object in F-Isoc'°^(X, Z). Let rj be the generic point of X . Then, for any x G X, 
the Newton polygon of {£, \E') at x lies on or above the Newton polygon of {£, at 
Tj and we have the equality fj,x{£) = l^ri{£)- {In particular, fix{£) is independent of 
X. So we put ^{£) := fix{£) in this situation.) 

Before the proof, we introduce one terminology. For a fine log scheme (T, Mt) 
separated of finite type over k, a strong lift of (T, Mt) is a fine log formal scheme 
(T, M-y) separated of finite type over Spf Ok endowed with an endo morphism F : 
(r, Mr) — > (T, Mr) such that there exists a lift {%, Mr) of (T, Mt) over Spf W{k) 
endowed with a ((T|vy(fc))*-linear endomorphism Fo : {To, Mr) — )■ {To, Mr) lifting 
the q-th. power map on {T,Mt) satisfying {T,Mr) = {To,Mr) ®vK(fc) Ok,F = 
Fo ®(cr|jy(j.))* cr*- When {T,Mt) is log smooth over k, {T,Mr) is called a strong 
smooth lift of (T, Mt) if we can take {T, Mr) to be log smooth over Spf W{k). 
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Proof. Let Z = [Jl^i Zi be the decomposition of Z into irreducible components. 
Since we may work locally around x, we may suppose that each Zi is defined as the 
zero locus of some element ti in X and that x G flLi —'■ ^r- (So r = r(x) is the 
number of irreducible components which contains x.) 

First we reduce the proof of the proposition to the case r = r(x) = by de- 
scending induction on r. Let us denote the log strucure on X associated to Z by 
A% and let us put My^ := M^ly^- Then My. is equal to the log structure associated 
to zero map N'' — > Oy^- Let Vx he a. non-empty smooth open subscheme of the 
closure of x in Yr. Then, after shrinking Vx properly, it admits a strong smooth 
lift Vx, and if we define My^ to be the log structure associated to the zero map 
N'' — )■ Cy^, (Vx,Mv^) is a strong lift (no more smooth) of (\4,My^|v^). Then 
{S, \E') naturally induces an object {S\;^, \l/v^) ^ F-VectiVx^K), and by shrinking Vx, 
we may assume that (£^v^)^v^) belongs to F-Latt{yx)Q, by Proposition 15.41 Then, 
by Propositions 15.11 and 15. 2[ we have the following after shrinking Vx further: For 
any y & Vx, Hy{£) = fixi^) and that the Newton polygon of £ at y is the same 
as the Newton polygon of £ at x. So, by replacing x by a closed point of V^, we 
may assume that x is a closed point to prove the proposition. Next, let us put 
Yr-i := fXiZl Zi, My^_^ := Mx|y^_i and let My^_^ be the log structure on F^-i as- 
sociated to Yr. Then My^ ^ is equal to the direct sum (in the category of fine log 
structures) of My^_^ and the log structure associated to zero map N*""^ — )■ Oy^^^. 
Let us take an affine smooth curve C on Yr-i passing through x which is transversal 
to Yr. Then {C, My^_^\c), being log smooth, admits a strong smooth lift {C,M'^) 
when we shrink C appropriately, keeping the condition x E C . Then, if we define 
Mc to be the direct sum of and the log structure associated to the zero map 
^r-i — ^ ^^-^ ^ g^^Qj^g lif^ ^Q^g smooth) of (C, My^_Jc)- Then {£, ^) 

naturally induces an object (i'c,\l/c) G F-Vect(Cft') and by Proposition 15. 4[ it be- 
longs to F-Latt(C)Q. Let y be the generic point of C. Then, by Propositions 15.11 
and 15. 2[ we have fiy{£) = fJ'x{£) and that the Newton polygon of £^ at x lies on or 
above the Newton polygon of £ at y. Hence the proposition for x is reduced to the 
proposition for y. Since y e Fr-i \ Yr, we have r{y) = r{x) — 1. So, by descending 
induction, we can reduce the proof of the theorem to the case r{x) = 0. 

In the case r{x) = 0, the theorem is essentially due to Crew [H 2.1]. Here we 
give a proof for the convenience of the reader, since the statement here and that in 
[SI 2.1] are slightly different. By the first argument in the previous paragraph, we 
may assume that x is a closed point of X. Since we may work locally around x, we 
may assume that X = X and that this admits a strong smooth lift X. Then {£, \Ef) 
naturally induces an object {£x, "^x) ^ F-Vect^Xx) . By Proposition 15. 4[ we have a 
dense open formal subscheme U C X such that {£x, '^x)\u belongs to F-Latt(W)Q. 
Then, by Propositions 15.11 and 15. 2[ we have the following after shrinking U further: 
For any y E U : = U ^ k, fiy{£) = fir]{£) and that the Newton polygon of £ at y lies 
on or above the Newton polygon of £ at rj. Next let us take an affine smooth curve C 
on X passing through x with U (IC ^ such that C admits a strong smooth lift C. 
Then {£,'if) naturally induces an object {£c, ^c) ^ F-Vect^CK) and by Proposition 
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I5.4[ it belongs to F-Latt(C)Q. Let y be the generic point of C, which belongs to 
U r\C. Then, by Propositions 15.11 and 15.21 we have iiy{£) = fix{£) and that the 
Newton polygon of £^ at a; is on or above the Newton polygon of £^ at y. Hence we 
have shown that fix{£) = fJ^rii^) and that the Newton polygon of £^ at x lies on or 
above the Newton polygon of £ at rj, as desired. □ 

Corollary 5.7. Let {X, Z), rj be as in Proposition \5.b\ and let let [S, be an object 
in F-lsoc^°^(X, Z) whose Newton polygon at rj has pure slope s. Then, for any 
X & X , the Newton polygon of {S, \E') at x has pure slope s. 

The following is the generic Newton filtration theorem for (log) convergent F- 
isocrystals. 

Proposition 5.8. Let {X,Z),X, rj be as in Proposition 15.61 and let [S,"^) be an 
object in F-lsoc^°^{X , Z) such that its Newton polygon at rj is not a straight line 
{has a break point) and independent of x & X . Then, on an dense open subscheme 
of X , (Sj'if) admits a non-trivial subobject {S',"^') with fi{£') < fJ'{£)- 

Proof. Since we may shrink X, we may assume that X = X and that it ad- 
mits a strong smooth lift X. Then (£", naturally induces an object (Sxy'^x) 
in F-Vect{XK) endowed with an integrable connection V for which \E' is horizon- 
tal. Then we may assume that (Sxy'^x) belongs to F-La.tt{X)Q by Proposition 
15.41 and by Proposition 15. 3[ (Sxj'^x) admits a non-trivial subobject \Ef';^.) with 
< niS) such that ^Is'^ defines an integrable connection on S'^ for which "^'^ is 
horizontal. Then the triple [S'^, Vj^-^, ^E^'^^) naturally induces a non-trivial subobject 
{S',"^') of {S,"^) with fJ.{S') < li{£). (The 'convergence' of Vj^:' follows from that 
ofV.) □ 

Now we give the definition of generic semistability for log convergent F-isocrystals. 

Definition 5.9. Let X ^ X be an open immersion of connected smooth k-varieties 
such that Z = X \ X is a simple normal crossing divisor, and let {S, \E') be an ob- 
ject in F-Isoc'°^(X, Z). Then {S,"^) is called generically semistable (gss) if, for 
any dense open subscheme U ^ X, {S,'$)\u G F-lsoc{U) does not admit any 
non-trivial subobject (£^', \&') with f^{S') < fJ,{S). We denote the full subcategory 
of F-lsoc^°^{X, Z) consisting of generically semistable objects {S,"^) with fi{£) = 
by F-Isoc'°^(X, Z)^*^^''^^". In the case where X = Yii-^i "^^ '^^^ necessarily con- 
nected, we define the category F-Isoc'°^(X, Z)^'^'^''^^'^ as the product of the categories 
F-Isoc^°s(Xi,Xi n Z)s^^''^=°. 

Then we have the following: 

Proposition 5.10. Let X "-^ X be an open immersion of connected smooth k- 
varieties such that Z = X \ X is a simple normal crossing divisor. Then we have 
the canonical equivalence 

(5.1) F-Isoc(X)° ^ F-Isoc'°^(X, Z)s^^'^=° 
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Proof. Let rj be the generic point of X. We see by definition that, for any object 
{S, \&) in F-lsoc{X)° , the Newton polygon of it at t] has pure slope 0. Hence so is for 
any dense open [/ C X and any subobject of {S,'^)\u in F-Isoc(f/). Hence {S,"^) 
is generically semistable with fi{S) = 0, that is, the functor (15. ip is well-defined as 
the canonical inclusion. 

It suffices to show the essential surjectivity of the functor (15.11) to prove the 
proposition. So let us take an object {£, \E') in F-Isoc'°^(X, Z) generically semistable 
with fi{S) = 0. Then, by Propositions 15. 15.21 and 15. 4[ there exists an open dense 
subscheme [/ C X such that the Newton polygon of {S, \E') at x is independent of 
X. So, if the Newton polygon of {S, \E') at r] is not a straight line, {£, ^) is not 
generically semistable by Proposition 15.81 So the Newton polygon of [S, at r) has 
pure slope fi{£) = 0. Then, by Corollary 15. 71 the Newton polygon of {S, \E') at x has 
pure slope at any point x in X. Therefore, to see that {S, \E') is in F-Isoc(X)°, it 
suffices to show that it is contained in F-Isoc(X). To see this, we may work locally. 
So we can assume that X, X are affine and that there exists a smooth lift X of X, 
a lift Z = [J[^i Zi of Z which is a relative simple normal crossing divisor of X and 
a lift F : (Af, Z) — > (^Y, Z) of the g-th power Frobenius endomorphism on (X, Z\ 
Moreover, we may assume that each Zi is defined as the zero locus of some element 
ti in r(A', 0^). Then [E,'^^ naturally induces an object in F-NqqX>{X k) 

endowed with an integrable log connection V : E-j^ — )■ E-^® ^^^(logZx). Then, 

to see that (£, is contained in F-Isoc(X), it suffices to see that the image of V 
is contained in E-^ ® fii; . By Proposition 15. 5[ there exists a unit-root F-lattice 
(^^o,^o) with (£^0, ^o)q := (^^o,Q, ^o,q) = (%, ^tf)- In the following, we identify 
; (log^-ft:) with the set of global sections of them. For n E Z, let us 

put 

r 

^n{Eo) := (^p"£:odlogti) + E^^n^^ C %® ^]^^^(dlogZ^). 

We prove the inclusion V(£^o) ^ ^n{Eo) {n G Z) by induction on n. First, since Eq is 
finitely generated as C;^-module and we have Unez^"(^o) ~ E^ ® i7^^(dlogZx), 
we have V(£^o) ^ for sufficiently small n. Next, assume that we have V(£^o) ^ 
f2„(£^o)- Since we have 

r 

F*fi„(^o) = (5^p"+^F*£odlogt,) + F*E^®n\^ =: Q^+,{F*Eo), 
1=1 

we have F*'V{F*Eo) C Qn+iiF*Eo), where we denoted the pull-back by F of V : 
E-^ — > E^® Q\^^(\og Zk) by F*V. By sending this by \E', we obtain the inclusion 
V(£^o) ^ ^n+i{Eo), as desired. Then we have 

V(^o) C []nn{Eo) = E^®Q^^, 

neZ 

and so we obtain the desired inclusion V{E-^) C E-^® ^^k' ^'^ done. □ 
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Remark 5.11. Since the category F-Isoc(X) is a full subcategory of -F-Isoc'°^(X, Z), 
the equivalence (15.11) induces the equivalence 

F-Isoc(X)° ^ F-Isoc(X)e""'^=°. 

So we have the interpretation of unit-rootness in terms of generic semist ability. 

Next we define the notion of generic semist ability for certain stacky categories 
and give a stacky version of Proposition 15.101 

Definition 5.12. Let X "-^ X be an open immersion of connected smooth k- 
varieties with X \ X =: Z = IJI=i ^ simple normal crossing divisor {each Zi 
being irreducible). 

(1) Let Qx be the category of finite etale Galois covering of X . Let ify '■ Y — > X 
be an object in Qx, let Gy '■= Aut(Y/X) and let Y be the smooth locus of the 
normalization Y in X in k{Y). {Then we have the quotient stack [Y /Gy] 
and the canonical log structure M^ysm^^^^ which are defined in Section 2.1.) 

Then an object ^) m F-lsoc^°<^{[T"' /Gy], M^y^^^/^^^) is called generically 
semistable {gss) if, for any dense open subscheme U C X , the image {S\u, ^^lu) 
of {S, \E') by the restriction functor 

F-lsoc'°^{[r"'/Gy],M^y^^/^^^) ^ 

F-lsoc'°^{[^y\U)/Gy],M^y^^^^J^^^^^^y^^^) = F-lsoc{U) 

does not admit any non-trivial subobject {S',"^') with ^{£') < ^{£\u)- {Note 
that, in the definition above, the quantity ^{£\u) is independent of the choice of 
U . So we denote it simply by ^{£) in the sequel.) We denote the full subcategory 
of F-lsoc^°^{[Y /Gy], M[y=m/(jy]) consisting of generically semistable objects 
{£, ^) with ^m{£) = by 

F-Isoci°s([r"/Gy],M[ye./^^j)g-.M=o. 

(2) Forn eN with {n,p) = 1, let be the stack of n-th roots of{X,Z). 
{ Then we have the canonical log structure Mp^ zyi^, which is defined in Section 
2.3.) Then an object {£,^) in F-Isoc^°^((X, Z)^/'^, M(^_^)i/„) is called gener- 
ically semistable {gss) if, for any dense open subscheme U X , the image 
{£\u,'^\u) of {£,"$) by the restriction functor 

F-Isoc'°s((X,Z)V",M(^^^)Vn) ^ 

F-Isoci°^([/ x^(X,Z)i/",M(^_^)V.|f/x^(X,z)V.) = F-lsoc{U) 

does not admit any non-trivial subobject {£',"$') with ^{£') < ^{£\jj). {Note 
that, in the definition above, the quantity ^{£\u) is independent of the choice of 
U . So we denote it simply by ^{£) in the sequel.) We denote the full subcategory 
of F-Isoc'°s((X, M(^_ z)i/n) consisting of generically semistable objects 

{£, ^) with ij{£) = by F-lsoc^"^{{X, Zfl"", M^-^,z)^/")^'''''^° ■ 



99 



Proposition 5.13. Let the notations he as in Definition [SA^ Then we have the 

canonical equivalences 

(5.2) 

Im^ F-Isoc([r"/Gy])° ^ lii^ F-Isoc'°s([r"/Gy],M[^-/^^j)g--/^= 



=0 



(5.3) lii^ F-Isoc([F'"'/Gy])° lii^ F-Isoc'°s([y''"/Gy],M[^-/^^j)s««'^=o 
Y^XeGli Y-^X£G*x 

[where Qx denotes the category of finite etale Galois tame covering of X [tamely 
ramified along the discrete valuations Vi[l < i < r) corresponding to the generic 
point of Zi)) and 



(5.4) Ih^ F-Isoc((X,Z)i/")° ^ Ih^ F-W°s((x,Z)i/",M(^^^)i/J*5ss,/^=° 

(n,p)=l (n,p)=l 



Proof. For m = 0, 1, 2, let F„ be the (m+l)-fold fiber product of "K over [F /Gy] 
and denote tlie resulting 2-truncated simplicial scheme by Y ^ . Then we have the 
equivalences 

lii^ F-Isoc([F°'/G'y])° ^ lii^ F-Isoc(F.°')° 

Y-^X&Gx Y^Xeg*^ 



F-Isoc^°s(F."',iV%B-)s'^'^''^=° 

Y^XeGx 

^ lu^ F-Isoc'°s([r"/Gy],M[^^/e^])s^^''^=°, 
Y^XeGx 

where F-Isoc'°s(F,°', 1%-)^^"''^=° denotes the full subcategory of F-Isoc^°^(F^"', M^- 
consisting of objects whose restriction to F-Isoc^°^(F^, My^m) are contained in 
F-Isoc^°^(F^,Mysm)g'^'^.M=o for m = 0,1,2. So we have shown (Q, and we can 
prove (15. 3 p exactly in the same way. Next, take a chart [Xq, {tj}i<j<r) of (X, Z) 
in the sense of Section 2.3 and for n G N with [n,p) = 1, let (X,, ,M— („)) be the 

bisimplicial resultion of (X, Z)^/" associated to the chart (Xq, {tj}i<j<r)- Then we 
have the equivalences 

lim F-Isoc((X,Z)i/")° ^ lim F-Isoc(xi'^V 

(n,p)=l (n,p)=l 

^ lii^ F-Isoc'°s(xi^,M-(„))s^^'^=° 

(n,p)=l 

^ hi^ F-Isoc'°s((X,Z)i/",M(^,^)V.)^"'^=°. 

(n,p)=l 

So we are done. □ 
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Next we define the notion of generic semistability for adjusted parabolic log 
convergent F-isocrystals and give a parabolic version of Proposition 15.101 



Definition 5.14. Let X "-^ X be an open immersion of connected smooth k- 
varieties with X\X =: Z = lJi=i <^ simple normal crossing divisor {each Zi being 
irreducible). Then an object {{£a)a-,'^) in Par-F-Isoc^°^(X, Z)o is called generically 
semistable (gss) if, for any dense open subscheme U X , the image (Sluy'^lu) of 
by the restriction functor 

Par-F-Isoc'°s(X, Z)o Par-F-Isoc'°s(f/, 0)o = F-Isoc(f/) 

does not admit any non-trivial subobject {S', ^E^') with fi{S') < n{S\u). {Note that, in 
the definition above, the quantity fi{S\u) is independent of the choice of U . So we 
denote it by fi{{Sa)a) in, the sequel.) In the following, we denote the full subcategory 
0/ Par-F-Isoc'°^(X, Z)o consisting of generically semistable objects {{Sa)a,^) with 
Ki£a)a) = by Par-F-Isoc'°s(X,Z)|^^'^=°. 



Theorem 5.15. Let the notations be as in Definition 5.14^ Then we have the 
canonical equivalence of categories 

(5.5) Par-F-Isoc'°^(X, Z)°_,, ^ Par-F-Isoc'°s(X, Z)f''^=°. 

Proof. This is an immediate consequence of the equivalence (15. 3p and the equiva- 
lences (EUD, fl3J6|) . □ 

As an immediate consequence of Propositions 15.131 15.151 we have the following, 
which is a p-adic analogues of (10. 2p and (10. Sp and (10.51) which includes the notion 
of 'stability': 

Corollary 5.16. Let the notations be as in Definition \5.1B. Then we have the 
equivalences 

Rep|U7ri(X)) ^ hm F-Isoci°^([r'"/Gy], Mf^../^^])s-''^=°, 

Y^XeQx 

Rep^.(7rJ(X)) ^ hi^ F-Isoci°^([r"^/GK],M[3..^/^^])s-''^=o, 
Rep^.(7rJ(X)) ^ hm F-lsoc'"^{{X,Zf'\M^-^^^y,.)^^^'^=\ 

(n,p)=l 

Rep^.(7r*(X)) ^ Par-F-Isoc^°s(X, Z)s«^''^=°. 

Next we prove 'F-lattice versions' of Propositions I5.10[ 15.131 and 15.151 Let X 
be a connected smooth scheme separated of finite type over k and assume that it is 
liftable to a p-adic formal scheme Xo separated of finite type over Spf iy(A;) which 
is endowed with a lift Fo : Xo — > '^o of the g-th power Frobenius endomorphism on 
X compatible with {a\w{k))* ■ Spf W^(A;) — > Spf 14^(A;). Let us put X := Xo ^ Ok, 
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F ■= Fo cr* : X — > X. Then an object {S, ^) in F-Latt(A:')Q is said to be 
generically semistable (gss) if, for any open dense formal subscheme Uo — > Xo, 
{S\u,'^\u) (where U := Uo ^w(k) Ok) admits no non-trivial saturated subobject 
{£', \E^') with fi{S') < fi{S). We denote the full subcategory of F-Latt(A')Q consisting 
of generically semistable objects {S, \Ef) with ^{S) = by (F-Latt(A')(Q)§'''''^=°. When 
X is not necessarily connected, {F-Latt{X)Q)^^^'^^'^ denotes the full subcategory 
of F-Latt(A')Q which are generically semistable with /z = on each connected 
component of X. Then the F-lattice version of Proposition 15.101 is the following 
proposition (which is an immediate consequence of the results of Crew and Katz 
quoted in the beginning of this section): 

Proposition 5.17. Let the notations be as above. Then we have the equivalence 
(5.6) F-Latt(A')^ = (F-Latt(A')Q)s^^''^=° 

Proof. It is easy to see that the left hand side is contained in the right hand side, 
and we may assume that X is connected. Let rj be the generic point of X and let 
us take an object (£, ^) in (F-Latt(A')Q)s«"'^=°. Then, by Propositions O and lEll 
there exists an dense open Uo — > Xo such that the Newton polygon of (Sluj'^lu) 
(where U := Uo ^w(k) Ok) at any point is equal to that at r]. Then, by Proposition 
15. 3[ the generic semistability of {S, "$) implies that the Newton polygon of {S, ^') 
at r] has pure slope fi{£) = 0. Again by Propositions 15.11 and 15. 2[ we see that the 
Newton polygon [S, \E') at any point has pure slope 0. Then, by Proposition 15. 5 [ we 
see that {S, \E') is contained in F-La.tt{X)Q. So we are done. □ 

Next we define the notion of generic semistability for F-lattices on stacks and 
give an F-lattice version of Theorem 15.131 

Let the notations be as in Section 4, the paragraphs after (14. 3p . before The- 
orem 14.11 Then, for an object Y — > X in Qx, the ind fine log algebraic stack 
([y™/G'y],Mj3fm^^^j) = lim^([y^"'/Gy],Mj3fm^^^j), the endomorphism F (lift of 

Frobenius) on it and the category F-Latt([3^ /Oy]) of F-lattices on [y /Gy] are 
defined there. The ind algebraic stack {X,Z)^^" = \in^^{X, Z^d^ endowed with the 
endomorphism F (lift of Frobenius) and the category F-Latt((A', 2^)^/") of F-lattices 
on (A", 2)^/" are also defined there. 

An object (£, ^) in F-Latt([3^'"'/Gy])Q (resp. F-'L^ii{{X .Zfl"")^ is called 
generically semistable (gss) if, for any dense open formal subscheme Uo C Xo^ the 
image of (£^, \E') by the restriction functor 

F-Latt([3^'"/Gy])Q F-Latt(W IGy\)^ F-Latt(W)Q 

(resp. F-Latt((:Y, Z)^/")q ^ F-Latt(W (X, 2)^/")q ^ F-Latt(W)Q ) 

admits no non-trivial saturated subobject {S',"^') with fi{S') < fi{£\u). (Note that 
fi{£\u) does not depend on £. Hence we denote it by fi{£).) We denote the full 
subcategory of F-Latt([3^ /Oy])Q (resp. F-Latt{{X, Z)^^^)q) consisting of gener- 
ically semistable objects {S,"^) with ^{S) = by F-Latt([3^'^™/G'y])Q"^'^~° (resp. 
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F-La.tt{{X , ZY/'"')q^'^ °). Then we have the following proposition, which is the 
F-lattice version of Proposition 15.131 

Theorem 5.18. Let the notations be as above. Then we have the canonical equiva- 
lences 

(5.7) hi^ F-Latt([3^^"^/Gy])^ ^ lii^ F-Latt([3^^"/Gy])|^''^=°, 



(5.8) In^ F-Latt((A',Z)^/")^ ^ lii^ F-Latt((A',Z 

(n,p)=l (n,p)=l 



l/nNgss,^j=0 



Proof. Let 3^™^ be as in the proof of Theorem 14.11 Then we have the functors 
(5.9) Ih^ F-Latt([5^'"/Gy])^ ^ lii^ F-Latt(5^r)Q 

hn^ F.Latt(3^.'")f^''^=° ^ Im^ F-Latt([r"^/Gy])5^'^=°, 

where F-Latt(3^^™)Q'^'''~° denotes the full subcategory of F-Latt(3^^™)(Q consisting 
of objects whose restriction to F-Latt(3^^)Q are contained in F-La.tt{y^^)^^'^~^ 
for m = 0,1,2. Let us prove that the second arrow in the above diagram is 
an equivalence. Let us denote the category of compatible system of objects in 
F-Latt(3^r)Q irn=^ 0, 1, 2) (resp. F-Latt(3C)r'''^° (m = 0, 1, 2)) by {F-Latt(3C)Q}™=o,i,2 
(resp. {F-Latt{y^^)^^''^~^}m=o,i,2-) Then we have the following commutative dia- 
gram 

In^^^^^^, F-Latt(3;. )^ > ^^y^xeg^ {F-L^tt{y^ )q}-=o,i,2 



lil^y^x.g^ ^-Latt(yr)r'"=° > lil^y^^,e^{i^-Latt(3^r)r'"=°}-=o,i,2, 

where the horizontal arrows are natural fully faithful inclusions, the left vertical 
arrow is the one in the diagram (15. 9p and the right vertical arrow is defined as in 
the left vertical one. Then, Proposition 15.171 implies that the left vertical arrow is 
an equivalence. On the other hand, by the proof of Theorem 14. H we see that the 
top horizontal arrow, which is equal to fl4.14p . is an equivalence. Hence the right 
vertical arrow is also an equivalence. So (15. 9 p is an equivalence, as desired. 

Next, let A',, be also as in the proof of Theorem 14.11 Then we have the functors 
lii^ F-Latt((:Y,Z)^/")^ ^ lii^ F-Latt(:Yl;^^)^ 

(ji,p)=l (n,p)=l 

lii^ F-Latt(:Yi^)|^'''=° ^ lii^ F-Latt((:Y,Z)^/")|^'''=° 

(n,p)=l {n,p)=l 
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(where F-Latt{X " denotes the full subcategory of F-Latt(A',^ )q consisting 

of objects whose restriction to F-Latt(A:'^"^)Q are contained in F-Latt(A:'^"'')Q^''^~° 
for k,l = 0,1,2), and we can prove that the second arrow is an equivalence in 
the same way as in the previous paragraph, using the equivalence f l4.22p instead of 
f l4.14p . So we are done. □ 

Next we define the notion of generic semist ability for locally abelian parabolic 
F-lattices and prove an F-lattice version of Proposition 15.151 

Let the notations be as in Definitions 14. 3[ 14.41 Then an object {{£a)a, (^q)^) 
in Par-F-Latt(A', Z)(Q is called generically semistable (gss) if, for any dense open 
formal subscheme Uo C Xo, the image {S\u, ^^lu) of {{Sa)a, (^o)a) by the restriction 
functor 

Par-F-Latt(^, Z)q — > Par-F-Latt(W x-^ (X, Z))q ^ F-Latt(W)Q 



(where U := Uo ^w{k) Ok) admits no non-trivial saturated subobject {S', with 
IJ>{S') < fi{£\u)- (Note that fJ^{S\u) does not depend on £. Hence we denote it by 
ix[8).) We denote the full subcategory of Par-F-Latt(A:', consisting of generi- 
cally semistable objects {£, with ^{£) = by Par-F-Latt(A:', Z)^^'^~^ . Then we 
have the following proposition, which is the F-lattice version of Proposition 15.151 

Proposition 5.19. Let the notations he as above. Then we have the canonical 
equivalence of categories 

(5.10) Par-F-Latt(:Y, Z)^ ^ Par-F-Latt(:Y, Z)|''''=°. 

Proof. Note that the equivalence 14.251 

lii^ F-Latt((:Y,Z)^/") ^ Par-F-Latt(:Y,Z) 

(n,p)=l 

preserves the generic semistabilities and the value of yU. Then the desired equivalence 
follows from the equivalence (15. 8p . □ 

As an immediate consequence of Propositions 15.181 15.191 we have the following, 
which is a p-adic analogues (F-lattice version) of (10.21) and (10.31) and (10. 5p which 
includes the notion of stability: 

Theorem 5.20. Let the notations he as ahove. Then we have the equivalences 
RevKMiX))^ lim F-Latt([3^^"^/Gy])^^^'^=°. 

Rep^.(7r*i(X)) ^ lim F-Latt((:Y, 2)^/")^^^''^=°. 

(n,p)=l 

Rep;^.(7r*(X)) ^ Par-F-Latt(:^,Z)^''^''^=°. 
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Roughly speaking, Theorem 15.201 claims (when compared with Theorem I5.16P 
that we can forget the isocrystal structure (connection) in the categories on the 
right hand sides if we assume a strong liftability condition. But we have to put 
the lattice structure. Finally in this paper, we introduce the category of 'F-vector 
bundles on certain rigid analytic stacks', 'locally abelian parabolic F- vector bundles 
on certain log rigid analytic spaces' and prove a p-adic analogues (F-vector bundle 
version) of fl0.2p and fl0.3p and f l0.5p in which neither isocrystal structure and lattice 
structure appear, in the case of curves satisfying a strong liftability condition. 

Let X be a connected smooth scheme separated of finite type over k and as- 
sume that it is liftable to a p-adic formal scheme Xo separated of finite type over 
SpfW{k) which is endowed with a lift Fo : Xo — > Xo of the g-th power Frobenius 
endomorphism on X compatible with {<j\w{k))* '■ SpfW{k) — > Spf W{k). Let us 
put X := Ok, F := Fo0a* -.X — > X. Then an object {£, ^) in F-Vect(A'^) 
is said to be generically semistable (gss) if, for any open dense formal subscheme 
Uo — > Xo, {£\uki ^Iwa) (where U := Uo ®w(k) Ok) admits no non-trivial saturated 
subobject [£' ,'^') with //(i"') < n{£), where a subobject {£' ,'^') of {£\uf;,'^\uji) is 
called saturated if the quotient {£\uii/ £' ,'^\uk) is the morphism induced by 

'^\uk) is again an object in F-Vect(UK)- (Note that fi{£\i(jf) does not depend on £. 
Hence we denote it by fi{£).) We denote the full subcategory of F-'Vect{X)Q con- 
sisting of generically semistable objects {£, \E') with fj,{£) = by F-Vect^XK)^""'^^^ ■ 
When X is not necessarily connected, F-Vect{XK)^^^'^^^ denotes the full subcat- 
egory consisting of objects which are generically semistable with /i = on each 
connected component of X. Then we have the following proposition: 

Proposition 5.21. Let the notations be as above and assume dimX = 1. Then we 
have the equivalence 

(5.11) F-Latt(;f)° ^ F-Vect{XK)'^'''^=°. 

Proof. By Proposition [Ml F-Vect(A'j^)s^"'''=° is contained in {F-Latt{X)Q)^'''''=^ in 
the case of curves. Hence the proposition is reduced to Proposition 15.171 □ 

Recall that, for a p-adic formal scheme S separated of finite type over Spf Ok, 
we have the canonical equivalence Coh(iS)(Q) ^ Coh(iSi^) of the Q-linearization of 
the catgory of coherent O^-modules and the category of coherent O^^^-modules. 
With this in mind, we give the following definitions: Let the notations be as in 
Section 4, the paragraphs after (14. 3p . before Definition 14.11 Then, for an object 
Y — y X E Qy, the ind stack [3^ /Gy] = lin^^ [y„ /Gy] and the endomorphism F 
on it is defined. We define the category F-Vect([3^™/G'y]i^) of 'F- vector bundles on 
[3^ /Gy]k' as the category of pairs {£, \E'), where £ is an object in Coh([3^ /Gy])q 
(:= the Q-linearization of the category of compatible families of coherent O^y^'^ /Gy]' 
modules) such that, for any morphism S — > [y^^^/Gy] from ap-adic formal scheme 
separated of finite type over Spf Ok, £\s ^ Coh{Os)Q — Coh(C5^) is a locally free 
O^^-module of finite rank, and \E' is an isomorphism F*£ — > £. (Attention: We 
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only defined the category of F- vector bundles on not tlie rigid stack 

W /Gy]k itself.) In the same way, we define the category F-Vect((A', Z)^") of 
'F- vector bundles on (A", Z)^^^' as the category of pairs \E'), where £ is an object 
in Coh((A', (:= the Q-linearization of the category of compatible families 

of coherent 0,-^ „.i/n-modules) such that, for any morphism S — > (X,Zy^'^) from 

a p-adic formal scheme separated of finite type over Spf C^^, £\s G Coh.{Os)Q — 
Coh(05^) is locally free of finite rank, and \Ef is an isomorphism F*S — > £. 

An object (£, ^) in F-Vect([3^'"'/Gy]i^) (resp. F-Vect{(X, Zfjl"")) is called 
generically semistable (gss) if, for any dense open formal subscheme Uo C Xo, the 
image of (^5 ^) by the restriction functor 

F-Vect([3^ /GY]K)-^F-Vecti{Ux;,[y /Gy])k) ^ F-Vect{UK)Q 
(resp. F-Vect((:Y, Z)]('") — y F-Vect((W (X, Z)^!'')k) ^ F-Yeci{UK) ) 

admits no non-trivial saturated subobject {£' ,'^') with iJi{£') < iJi{£\uji)- (Note 
that n{£\ujf) does not depend on U. Hence we denote it by fi{£)-) We denote 
the full subcategory of F-Vect{[y^^ /Gy]k) (resp. F-Vect{{X, Z)]["')) consisting of 
generically semistable objects {£,^) with ^{£) = by F-Vect([3^'"/Gr]x)^'''^=° 
(resp. F-yect{{X , Z)]["')^^^''^""^) . Then we have the following proposition: 

Proposition 5.22. Let the notations be as above and assume that dim X = 1. Then 
we have the canonical equivalences 

(5.12) hm F-Latt([3^'"/Gy])^ ^ lii^ F-Vect([3;'"/Gy]K)^^^'^=°, 



(5.13) lim F-Latt((A',Z)^/")^ 

(n,p)=l 



lii^ F-Vect((A',Z)^ 

(n,p)=l 



l/nNgss,/x=0 



Proof. Let 3^^™ be as in the proof of Theorem 14. 1^ and in the proof, we omit to 
write the superscript (This is justified because we have y = y in the case of 
curves.) Then we have the diagram 



(5.14) Ih^ F-Vect([3^/G'y]K 



)gss,M=o _^ F-Vect(3;.)^'''''"° 
^ lim {F-Latt(3^„)^} 

m=0,l,2 

Y^xeg'^ 

^ In^ F-Latt(3^.)Q 

Y^xeg*^ 

<^ F-Latt([3^/Gy])^, 

where F-Vect(3^,)^^^'^^° denotes the full subcategory of F-Vect(3^,) consisting of ob- 
jects whose restriction to F-Vect(3^m) is contained in F-Vect(3^m)^'^'^''^^'' for each m. 
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In the diagram (15.141) . the third arrow is an equivalence since we aheady proved it in 
the proof of Proposition EUSl and the second arrow is an equivalence by Proposition 
I5.21[ So, to show the equivalence f l5.12p . it suffices to prove that the first arrow in 
fl5.14p is an equivalence. Since it is easy to see that the condition 'gss and /i = 0' is 
preserved by the natural functor 

(5.15) F-Vect([3^/Gy]i,) — > F-Vect(3^.), 

it suffices to show that the functor fl5.15p is an equivalence. Let {Coh(3^m)(Q}m=o,i,2 
be the category of compatible family of objects in Coh(3^m)Q (m = 0, 1, 2). Then, 
the functor (15.150 is induced by the functor 

(5.16) Coh{[y/GY]h {Coh(3^„)Q}„=o,i,2, 

as the locally free part of (I5.16P with F-structure. Since local freeness for an object 
in Coh.{[y /Gy])q can be checked in Coh(3^m)Q (m = 0, 1, 2), it suffices to show the 
equivalence of the functor (15.161) . Note that it is factorized as 

Coh{[y/GY])Q Coh{y,)Q — > {Coh(3^„)Q}„=o,i,2, 

in which the first arrow is an equivalence by usual faithfully flat descent. Moreover, 
we see by the same way as [3S1 1.9] that the second arrow is also an equivalence. 
Hence we have shown the equivalence (15.121) . We can prove the equivalence (I5.13P 

in the same way, by using in the proof of Theorem 14.11 instead of 3^,. □ 

Next, let the notations be as in Deflnition l4.3[ Then 'a parabolic vector bundle on 
{X, Z)k is deflned to be an inductive system {£a)a&i(p) of locally free O^^-modules 
of finite rank satisfying the following conditions: 

(a) For any 1 < i < r, there is an isomorphism as inductive systems 

) = {{£a{Zi^K))a, ('-a/? ® id)^,/?) 

via which the morphism {ia,a+e^)a '■ {£a)a — > (^o+eja is identified with the 
morphism id ig^^ : {£a)a — > {£a{Zi^K))a, where ig^^ : >-)■ O^iZi^K) 
denotes the natural inclusion. 

(b) There exists a positive integer n prime to p which satisfies the following 
condition: For any a = (««)», La'a is an isomorphism if we put a' = {[nai]/n)i. 

A parabolic F-vector bundle on {X,Z)k is a pair {{£a)a, {"^0)0) consisting of a 
parabolic vector bundle {£a)a on {X, Z)k endowed with morphisms '■ F*£a — > 
£qa in the category of C^^-modules such that lin^^ \E'q, : lin^^ F*£a — > lii^^ £ga is 
isomorphic as ind-objects. 

For a := {aiji e Z^^^, let O^^iJ^-aiZi^x) ■= {Ox{Y.iOiiZi)p)i3 be the parabolic 
vector bundle on (A", Z)k defined by 0-^(^- aiZi^K)i3 '■= t^i]^i,K) (where 
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P = and we say that a parabolic F-vector bundle {{Sa)a, (^a)a) on {X,Z)k 

is locally abelian if there exists some positive integer n prime to p and an admissi- 
ble covering {Xx}x of Xn^K '■= ®Ok OK[l^ri\)K such that {£a)a\xx has the form 
®^j=iO^^{^^aijZi^K)\xx some a^j G for each A. We denote the category 
of locally abelian parabolic F-vector bundles on {X,Z)k by Par-F-Vect((A', 2);^). 

An object {{£a)a^ (^a)a) Par-F-Vect((A', Z)k) is called generically semistable 
(gss) if, for any dense open formal subscheme C X^, the image {£\i(jf,'^\i(jf) of 
(^a)a) by the restriction functor 

Par-F-Vect((:Y,Z)x) — > Par-F-Vect((W x^(:Y,Z))i^) ^ F-Vect(Wi^) 

(where := {Uo ®w{k) Ok)k) admits no non-trivial saturated subobject \E'') 
with ^i{£') < ii{£\uii). (Note that ii{£\uj^) does not depend on £. Hence we denote 
it by ii{£).) We denote the full subcategory of Par-F-Vect((A', consisting of 
generically semistable objects {£,'^) with ii{£) = by Par-F-Vect((A', 
Then we have the following proposition. 

Proposition 5.23. Let the notations he as above and assume that dimX = 1. Then 
we have the canonical equivalence of categories 

(5.17) Par-F-Latt(:Y, Zf^ ^ Par-F-Vect((^, Z)kY^^'^'=^. 
Proof. We can prove the equivalence 

(5.18) a: lii^ F-Vect((:Y, Z)^") ^ Par-F-Vect((:Y, Z)^^) 

(n,p)=l 

in the same way as Theorem 14.51 and the generic semistabilities and the values of 
H coincide via the above equivalence. (In the proof of Theorem 14. 5[ when we are 
given an object £ in Vect((A', Z)^/"), an open affine W C A" and a closed point x of 
W, we constructed an open formal subscheme lA^ = {fx 7^ 0} of W containing x on 
which a{£) has a simple shape. Here, for an object £ in Vect{{X , Z)][^) , an open 
affine U ^ X and a point x of Uk, we can construct in the same way an open rigid 
subspace il^; = {/^ 7^ 0} of Uk containing x on which a(£^) has a simple shape, and 
we see that the covering X^ = [Jua.mnc^xeUK^^ admissible covering.) Then 
the desired equivalence follows from this, f l5.13p and Theorem 14.51 □ 

Remark 5.24. (1) As we see from the above proof, the equivalence fl5.18p holds 
for X of any dimension. 

(2) When dimX = 1, any parabolic F- vector bundle on {X, Z)k is locally abelian. 
Hence we can drop the condition of locally abelianness from the definition of 
Par-F-Vect((^,Z);^) when dimX = 1. 
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As an immediate consequence of Propositions I5.2H 15.221 and I5.23[ we obtain 
the following, which is a p-adic analogues (F-vector bundle version) of f l0.2p and 
fl0.3p and f lO.Sp which includes the notion of stability and in which neither isocrystal 
structure and lattice structure appear, in the case of curves with strong liftability 
condition: 

Corollary 5.25. Let the notations be as above and assume that dimX = 1. Then 
we have the equivalences 

Rep^.(7r^(X)) ^ Ih^ F-Vect([3^/Gy]^)s^^''^=°. 
RepK^T^iiX)) ^ lim F -Vect{(X , Z)]^^""'^^" ■ 

(n,p)=l 

Rep^.(7r*(X)) ^ PaT-F-Vect{(X,Z)K)^'''>'=°. 
This is a precise form of the micro reciprocity law conjectued in |51i 48.6, 49.3]. 
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